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PREFACE 


The first economists who studied the law of supply and de- 
mand lived in an age when markets were less extensive, more dis- 
tant from one another, and much more independent of one an- 
other than they are today. This is reflected in the early theories 
of supply and demand, which are depositories of the experi- 
ence of the late eighteenth- and early nineteenth-century econ- 
omists with comparatively simple market phenomena more or 
less vaguely represented by words. 

With the improvements in the means of transportation and 
communication and with the growing general complexity of our 
economic life markets have become more extensive and more de- 
pendent upon one another than they have ever been before, and 
market phenomena have become exceedingly complex. As a con- 
sequence, the advantages which the earlier theories enjoyed by 
reason of their simplicity and freedom from mathematical sym- 
bols were now outweighted by the disadvantages which attached 
to their incompleteness and vagueness. Economists began to see 
that they really said nothing at all when they stated that “the 
price of goods is in the inverse ratio of the quantity offered, and 
in the direct ratio of the quantity demanded.” They also began 
to perceive that prices formed an interrelated, interconnected 
system, and that to say that the quantity of a commodity de- 
manded is a function only of its price and not of a good many 
other (theoretically aid other) prices is to adopt an oversimplifi- 
cation which does not give an insight into the extreme complexity 
of the price system. This state of affairs clearly called for a bet- 
ter type of economic theory. 

The more complete and scientific type of theory is due chief- 
ly to the genius of Leon Walras, who, building on Cournot’s 
epoch-making work, first succeeded, by the use of simultaneous 
equations, in completely surveying the interrelated factors in ex- 
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change, production, and distribution in such a way as to give a 
truer insight into the complexity of our economic system and in 
paving the way for subsequent applications of the quantitative 
method to the problem of measuring the relative strength of the 
different economic forces. In this work Walras was followed 
by Pareto, who generalized his master’s system and improved 
upon it. 

The epoch-making discoveries of Walras and Pareto must 
not, however, blind us to the fact that their theory is a theory of 
static equilibrium. Dynamic changes that take place from time 
to time are not taken into account by this theory. (And no one 
is more aware of this than the mathematicians themselves.) But 
it is a truism to say that economic phenomena are not static, but 
dynamic. In order, therefore, to bring the general theory of equi- 
librium into closer agreement with the facts of our economic ex- 
perience, it is necessary to pass from a statical equilibrium to a 
moving equilibrium. This problem has two aspects: the purely 
deductive or mathematical, and the statistical. The first has not 
as yet been successfully studied, although the signs point to the 
possibility of the development of a mathematical theory of dy- 
namical economics in the next few decades. The second has re- 
cently been solved by Professor Henry Ludwell Moore, of Co- 
lumbia University, who was also the first to derive statistical 
laws of demand and supply, in his paper on “A Theory of Eco- 
nomic Oscillations” in the Quarterly Journal of Economics for 
November, 1926. 

In Professor Moore’s solution of the problem of general equi- 
librium “the equations expressing the relation between the parts 
of the economic system receive the definite, numerical form in 
which theory admits of empirical testing.” The solution of the 
problem of general equilibrium may thus be “expressed in terms 
that admit of immediate practical application.” 

This advance would not, however, have been possible with- 
out the aid afforded by the more modern methods of statistical 
analysis. It is these methods which enable the statistical econo- 
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mist to segregate the important factors of a given economic situ- 
ation, to measure their relative strength, and to ascertain the 
laws according to which they produce their individual and joint 
effects. It is these methods which enable him to study the shift- 
ing of the economic equilibrium from time to time as a result of 
dynamic changes. It is, indeed, a fortunate occurrence that not 
many years after the originators of the modern type of economic 
theory laid the foundations of their system, biometricians and 
mathematicians began to develop the newer body of statistical 
technique, without which economics would lose much of its prac- 
tical utility. 

‘This book is an attempt to apply some of the methods of 
modern statistics to the derivation of two functions which arise 
in almost any discussion of economic equilibrium—the demand 
function and the supply function. More specifically, it is the ob- 
ject of this book to examine some of the difficulties which arise 
in the derivation of statistical laws of demand and supply, to in- 
dicate how these difficulties may be overcome, and, by way of il- 
lustration, to derive the demand and supply curves for sugar, to 
show how the equilibrium of demand and supply changes from 
time to time, and to indicate the bearing of the results on the 
tariff on sugar. 

Though statistical demand and supply curves can be best 
understood when they are examined from the point of view of the 
general equilibrium theory, it must not be assumed that they are, 
therefore, of no importance to the adherents of some of the other 
schools of economic thought. The fact is that a demand “curve” 
or a supply “curve” is, and ought to be, of much greater impor- 
tance to the neo-classicist than to the adherent of the theory of 
general equilibrium, for the latter is compelled always to keep in 
mind that demand and supply functions are only two out of the 
several functions that are necessary in the determination of the 
general economic equilibrium. 

Part I of this book, which relates to demand, is a reprint, 
with some important additions and changes, of studies which ap- 
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peared in the Journal of Political Economy for October and De- 
cember, 1925 (Vol. XX XIII, Nos. 5 and 6). Chapter iv of Part 
II, which deals with some of the theoretical considerations relat- 
ing to supply, also first appeared in the Journal of Political Econ- 
omy (Vol. XXV, No. 4, August, 1927). The rest consists of 
entirely new material, although I had occasion to draw on it in a 
paper which I read at the Seventeenth Annual Meeting of the 
American Farm Economic Association at St. Louis in December, 
1924, entitled, “Cost of Production, Supply and Demand, and 
the Tariff,” and which was published in the Journal of Farm 
Economics for April, 1927. 

As he examines the conclusions reached in this book the 
reader will do well to keep in mind the fact that the results of a 
method cannot be separated from the method itself. The fine 
differences between the various methods—differences which are 
not always apparent and which cannot always be conveniently 
explained—produce differences in the results obtained with their 
aid. Thus the values of the elasticities of demand and supply de- 
rived in this book depend to a large degree on the particular 
method of curve-fitting employed. Had the common method of 
curve-fitting been adopted, the results would have been quite 
different. 

In the preparation of this book the aim has been to throw 
some light on certain problems in statistical economics, and not 
to provide a method for forecasting the price of sugar. It is to be 
hoped, however, that the competent trade statistician and econ- 
omist will find both the methods and the conclusions of this work 
not without practical importance, and that this work will make 
it easier for him to develop such second and third approxima- 
tions as he may find necessary. 
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PART I. THE STATISTICAL LAW OF DEMAND 


CHAPTER I 


THEORETICAL CONSIDERATIONS RELATING 
TO DEMAND 


I. INTRODUCTION 


“The disturbance of the conditions of supply by a tax or a 
bounty . . . .,” says Professor Edgeworth, “gives rise to prob- 
lems too complicated for the unaided intellect to deal with.” 
Certain it is that the popular method of attacking these prob- 
lems is erroneous. This is evident as soon as one asks, for ex- 
ample, “What is the relation between the tariff on sugar and the 
prices paid by the consumer?” The popular method of deriving 
an answer to this question consists essentially of drawing up 
tables or graphs showing that prices, after the imposition of the 
tariff, have risen (or fallen). Of course this proves nothing with 
respect to the effect of the tariff on prices, because it does not 
eliminate the other causes which have contributed to the price 
changes. What we desire to know is, not how much higher 
prices were after the imposition of the tariff than they were be- 
fore, but how much of the increase is due to the tariff, and how 
much to other causes. This question may be quite definitely 
(i.e., quantitatively) answered if we know the coefficients of the 
elasticities of the domestic and foreign demand and supply.* 

The coefficients of the elasticities of demand and supply 
also enter as factors into the solution of the related problems of 
the effect of the tariff on consumption, on imports, on the prof- 
its of the domestic producers, and on the revenue derived from 
the duty. These coefficients are also of major importance in the 

+A. C. Pigou, “The Known and Unknown in Mr. Chamberlain’s Policy,” 
Fortnightly Review (January, 1904), p. 44; Protective and Preferential Import 
Duties (1906), pp. 94-95; Economics of Welfare (1920), p. 942; H. Schultz, “The 


Statistical Measurement of the Elasticity of Demand for Beef,” Journal of Farm 
Economics, June, 1924. 
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theory of monopoly profits, and in problems connected with 
price-fixing. In fact, there are many problems in applied eco- 
nomics which remain unsolved only because the numerical val- 
ues of these constants are not known. 

The object of Part I is to examine some of the difficulties 
which arise in the derivation of the elasticity of demand, to in- 
dicate how these difficulties may be overcome, and to derive the 
elasticity of demand for sugar. 


II, THE CONCEPT OF ELASTICITY OF DEMAND 


The coefficient of elasticity may be defined as the propor- 
tion by which a given relative change in price alters the quantity 
demanded or supplied, when the relative changes are small. 
Hence the coefficient of the elasticity of demand may be defined 
as the ratio of the relative change in the quantity demanded to 
the corresponding relative change in price, when the relative 
changes are infinitesimal. In Professor Marshall’s words: 

The elasticity (or responsiveness) of demand in a market is great or 
small according as the amount demanded increases much or little for a 
given fall in price, and diminishes much or little for a given rise in price. 
We may say that the elasticity of demand is one, if a small fall in price 
will cause an equal proportionate increase in the amount demanded: or as 
we may say roughly, if a fall of one per cent. in price will increase the sales 
by one per cent.; that it is two or a half, if a fall of one per cent. in price 
makes an increase of two or one half per cent. respectively in the amount 
demanded; and so on. (This statement is rough because 98 does not bear 
exactly the same proportion to 100 as 100 does to 102.)!¢ 

In mathematical symbols, the coefficient of elasticity of de- 
mand, », is 


_dx /dy_dlogx dx y 
2 (1) 


OF: y d logy dy 
where x is the quantity demanded and y the price per unit. If 
this is numerically equal to 1.0 for all values of x, the demand is 
neither elastic nor inelastic. If this is numerically greater than 

** Alfred Marshall, Principles of Economics (8th Edition), p. 102 and note. 


CONSIDERATIONS RELATING TO DEMAND 5 


1.0, the demand is said to be elastic. If it is numerically less than 
1.0, the demand is said to be inelastic. The size of the coefficient 
measures the degree of elasticity. 

The term numerically is introduced in order to give the con- 
cept of elasticity the greatest possible generality of definition, 
i.e., in order to make the same definition cover the presumably 
rare positively inclined demand curve as well as to the more com- 
mon negatively inclined curve.” Marshall confines his discussion 
to the latter, thus getting a negative value for 7, which he changes 
into a positive value by giving it a negative sign. We have not 
followed this practice in our definition. 

‘For the well-known negatively sloping demand curve, the 
concept of elasticity of demand may be given an interesting ge- 
ometrical interpretation. If ,y=—1.0 for all values of x, that is, 
if the demand is neither elastic nor inelastic, but a “constant 
outlay demand,” the curve which represents it—‘‘a constant 
outlay curve”—is a rectangular hyperbola. If it is Jess than 
—tI.o (elastic demand), the curve which represents it cuts the 
rectangular hyperbola from below. If it is greater than —1.0 
(inelastic demand), the curve which represents it cuts the rec- 
tangular hyperbola from above.* 

For measuring the elasticity of positively sloping demand 
curves, i.e., of curves which represent an increase in price as ac- 
companied by an increase in the quantity demanded, the “‘con- 
stant outlay curve” cannot serve as a criterion, for constancy of 
outlay under these conditions is impossible in the nature of the 

* For discussions of the possibility of obtaining demand curves of the posi- 
tive type, see Vilfredo Pareto, Manuel d’Economie Politique (1909), pp. 579-91, 
and his paper on “Economie Mathématique,” pp. 628-31, in Encyclopédie des\ 
Sciences M athématiques, Tome I, Vol. IV, Fascicule 4. Antonio Osorio, Théorie 
Mathématique de L’Echange (1913), pp. 285-95. WI. Zawadzki, Les Mathé- 
matiques Appliquees a L’ Economie Politique (1914), p. 186. Henry Ludwell 


Moore, Economic Cycles (1914), pp. 110-16; and Forecasting the Yield and the 
Price of Cotton (1917), p. 150. 

* Cf. Marshall, op. cit., Mathematical Appendix, pp. 839-40; Henry Ludwell 
Moore, “Elasticity of Demand and Flexibility of Prices,” Journal of the American 
Statistical Association, March, 1922. 
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case. Of this family of curves, the one that has unit elasticity 
throughout its entire extent is the straight line which passes 
through the origin. The slope of such a line has no effect on the 
value of the elasticity of demand.* This property of the straight 
line is, however, of greater importance in connection with the 
study of supply than with demand. 

The concept of elasticity of demand is due to Cournot, who 
(in 1838) defined it in mathematical symbols without troubling 
himself to give it a name.° 

Cournot deduced the condition for maximizing total receipts, 
xy, and suggested that “Commercial statistics should be re- 
quired to separate articles of high economic importance into two 
categories, according as their current prices are above or below 
the value which makes a maximum of pF (p) [our yx]. We shall 
see that many economic problems have different solutions, ac- 
cording as the article in question belongs to one or the other of 
these two categories” (p. 54). But the condition for this maxi- 
mum is identical with that for an elasticity of demand of —1.0; 
or, that point on the (negatively inclined) demand curve whose 
co-ordinates inclose the maximum area is also the one at which 
the elasticity of demand is 7=—1.0; so that Cournot’s sugges- 
tion is really to the effect that commodities should be classified 
according to their elasticities of demand. Marshall gave the for- 


mula =o We . a name, and popularized it. But the concept, 


ik joe = -+1.0, by hypothesis, it also follows that dy _ ds : 
“7 ¥ y Ve 


Integrating the last expression, we have 
log y=log x+log b 
or 
y= bx, 

which is the equation to a straight line passing through the origin. Hence, all 
positively sloping straight lines passing through the origin have an elasticity of 
-+1.0. It is also worth noting that for such lines there is no distinction between 
“point” elasticity and “arc” elasticity. 

* Augustin Cournot, Mathematical Principles of the Theory of Wealth (Ba- 
con’s translation), pp. 52-54. 
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which Mr. Keynes considers as one of Marshall’s seven more 
striking contributions to knowledge, “without the aid of which 
the advanced theory of value and distribution can scarcely make 
progress,” is not “wholly Marshall’s,” as Keynes has been led to 
believe.® 

In connection with the definition of the elasticity of demand 
given before two points must be emphasized. 

1. The definition presupposes a knowledge of the demand 
curve. Consequently, any attempt to derive the coefficient of 
the elasticity of demand for a commodity without first deriving 
the equation to the demand curve is apt to lead to difficulties.’ 

2. The coefficient of elasticity relates to a point on the de- 
mand curve, and may vary in magnitude from point to point. 
In giving the coefficient of elasticity of a commodity, one must, 
therefore, specify the point on the demand curve to which it ap- 
plies, unless, of course, the coefficient is the same at every point 
on the curve.® 

Marshall gives (p. 102, note) the following rule for deter- 
mining graphically the coefficient of elasticity at any point (see 
Big, )i: 

Let a straight line touching the curve at any point, P, meet OX in T 
and OY in ¢, then the measure of elasticity at the point P is the ratio of 
PT to Pt. 


If PT were twice Pt, a fall of 1 per cent. in price would cause an in- 
crease of 2 per cent. in the amount demanded; the elasticity of demand 


® John Maynard Keynes, “Alfred Marshall, 1842-1924,” Economic Journal, 
XXXIV (September, 1924), 353. Marshall must have completely forgotten Cour- 
not’s contribution to this subject by the time he began to write his own famous 
chapter on demand, for it is inconceivable that a man of his nobility of character 
would wittingly fail to do justice to any author, and especially to Cournot, of 
whom he wrote: ‘“Cournot’s genius must give a new mental activity to everyone 
who passes through his hand.” 


“Compare Professor Lehfeldt’s attempt to derive the elasticity of demand 
for wheat (Economic Journal, 1914, pp. 212 ff.), of which more later. 


® The equation to a demand curve representing a constant elasticity, , at 
every point is xy”"=c. See Marshall, op. cit., p. 840. 
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would be two. If PT were one-third of Pé, a fall of 1 per cent. in price 
would cause an increase of % per cent. in the amount demanded; the elas- 
ticity of demand would be one-third; and so on.® 

The objection is sometimes raised that the elasticity at a 
point on a curve, corresponding, as it does, to infinitesimal 


Price Fer Unit 


¢ i x 
Quanlily Demanded 


Fic. 1.—Geometrical measure of the elasticity of demand 
=TP/Pt 


changes in the quantity demanded and in the demand price, 
“tells us nothing” of the elasticity corresponding to finite 
°For proof, see ibid., Mathematical Appendix, Note III. This rule is also 


contained, in somewhat different form, in Cournot, of. cit., p. 54 and Figure 1 of 
that work, 
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changes. This objection has been elaborated by Professor Dal- 
ton,*® who claims that the distinction between elasticity at a 
point and elasticity across a finite arc, or, as he terms it, be- 
tween “point elasticity” and “arc elasticity,” is of practical im- 
portance. 

The distinction may be made clear by reference to a numer- 
ical illustration. 

Suppose a “constant outlay demand curve,” such that, 
whatever the price of the commodity, $1,200 worth of it will be 
sold (Fig. 2). The equation to this curve is xy=$1,200, where 
x is the quantity sold and y is the price per unit. We have seen 
before that so long as we confine ourselves to infinitesimal 
changes, the elasticity at every point on such a curve is equal to 
one. Furthermore, as this is a constant-outlay curve, “any 
(small) fall in price will cause a proportionate increase in the 
amount bought.”** 

Let us now measure the elasticities corresponding to finite 
changes. In other words, let us determine the elasticities cor- 
responding to various arcs (not points) on the demand curve. 
From the equation of the demand curve we know that when the 
price per unit is $4.00, the quantity demanded is 300 units. If 
the price rises from $4.00 to $6.00, or by 50 per cent, the quan- 
tity demanded drops from 300 to 200, or by 33% per cent, and 


the elasticity of demand is — ask Ze Zo _ oe ._ If, on the other hand, 
(9) 

the price falls from $4.00 to $2.00, or by 50 per cent, the amount 
demanded rises from 300 to 600, or by 100 per cent, and the 
100 % _ 

6% 
its former level, that is, let the price rise from $2.00 to $4.00, or 
by roo per cent. The quantity demanded will fall from 600 
to 300, or by 50 per cent. Here the elasticity of demand is 


elasticity of demand is — —2. Nowlet the price return to 


* Hugh Dalton, Some Aspects of the Inequality of Incomes in Modern Com- 
munities (1920), pp. 192-97. 
* Marshall, op. cit., p. 839. 
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Tiel = _1. It will be seen from the foregoing examples 
100 % 2 
that, although the point elasticity of this curve is always —1I, 


the arc elasticity is never equal to —1; that is, a given finite per- 


/2 Lovafion 7o The Curve 
xy=*/200 


Frice Fer Unit 


0 200 400 600 800 /000 1200 


Quaniih y Demanded 


Fic, 2——Geometrical difference between “point” elasticity of demand and 
“arc” elasticity of demand. 
“Point” elasticity of demand at P=TP/Pt 
“Arc” elasticity of demand (with base P) =7’P/ Pt’ 
“Arc” elasticity of demand (with base P’) =T'P’/P’t’ 


centage change in price does not cause an equal percentage 
change in the amount demanded. Furthermore, the magnitude 
of the (arc) elasticity depends upon the particular end of the arc 
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which is taken as a base, or—which is the same thing—upon the 
direction in which the price is assumed to change. It is always 
numerically greater than 1 for a fall in price and an increase in 
demand, and is always numerically less than 1 for a rise in price 
and a decrease in demand.** 

In view of these differences between point elasticity and arc 
elasticity, Professor Dalton claims that Marshall’s characteriza- 
tion of a constant-outlay curve “contains a definite mathemati- 
cal error.” The particular passage in Marshall’s Principles to 
which he takes such vigorous exception is: “If the elasticity of 
demand be equal to unity for all prices of the commodity, any 
fall in price will cause a proportionate’ increase in the amount 
bought, and therefore make no change in the total outlay which 
purchasers make for the commodity” (p. 839). 

Now while it may be freely granted that there is a valid and 
useful distinction between point elasticity and arc elasticity, and 
that those formulas in economics which are based on the as- 
sumption of small changes in the variables under consideration 
ought not to be applied to problems in which the changes are 
large, we cannot go so far as to agree that the passage just 
quoted “contains a definite mathematical error.” There really is 
no difference between the point elasticity and the arc elasticity 
of a constant-outlay curve (or of any other curve having a con- 
stant coefficient of elasticity), provided the elasticity is satisfac- 
torily measured. The characteristic of a constant-outlay curve 
is that any change in price causes a proportionate change in the 
amount bought. Dalton assumes that proportionate changes are 
best measured by percentage increases or decreases, and by 
making the percentage changes large enough, as in the three 
arithmetical examples presented above, he obtains widely vary- 
ing values for his (arc) coefficient of elasticity. But percentages 
are not good measures of proportionate changes when the bases 
on which they are computed are not kept constant. Thus a com- 


* For a general proof of the foregoing see Hugh Dalton, op. cit., p. 195. 
* Ttalics are mine. 
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modity that quadrupled in price and then receded to its former 
level would show a 300 per cent rise and a 75 per cent drop. A 
much better measure of proportionate changes is to be had by 
taking the difference between the logarithms of the numbers. 
The coefficient of elasticity is then simply the ratio of the dif- 
ference between the logarithms of the quantities to the differ- 
ence between the logarithms of the prices. When the changes in 
both quantities and prices are measured logarithmically, there is 
no difference whatsoever between the point elasticity and the arc 
elasticity of the constant-outlay curve. That the use of loga- 
rithms is not only permissible, but almost mandatory, follows at 
once from the mathematical definition of the coefficient of elas- 
ticity given above, namely, 


_dx /dy dlogex 
OB y dlogy’ 


If logarithms are used instead of simple numbers, the demand 
curve DD’ in Figure 2 becomes a straight line whose slope 
measures the coefficient of elasticity.* Obviously, it makes no 
difference whether one measures the coefficient of elasticity, 
ie., the slope of the line, by finding the ratio of the base to the - 
altitude of a small triangle (point elasticity) or of a large tri- 
angle (arc elasticity). The ratio is the same in both cases. 
Even if the equation to the demand curve is such that it 
cannot be reduced to a linear form by logarithmic transforma- 
tion, it is still more desirable to measure (arc) elasticity by the 
logarithmic method than by the arithmetic (percentage-change) 
method. The latter, as was pointed out above, is open to the 
serious objection that it varies according to the direction in 
which the percentage changes occur. Thus, in the case of the 
“The equation to the constant-outlay curve is xy=c. Taking logarithms, 
this becomes log x + log y = logc, which may be written log y = —logx + 


log c. This, of course, is the equation to a straight line having a slope of —T. 
By definition, 
_dx ,dy_dilogx_ _ 


x y dlogy 
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constant-outlay curve given above, the arc elasticity (arith- 
metically measured) corresponding to a fall in price from $4.00 
to $2.00 per unit is —2, while the corresponding elasticity for a 
rise in price from $2.00 to $4.00 is —¥%. This objection is rec- 
ognized by Dalton himself, but he claims that the difference 
between these two elasticities “will not generally be large” 
(p. 195). This claim, however, cannot be substantiated. Dal- 
ton’s entire argument as to the distinction between point 
elasticity and arc elasticity is based on the assumption that the 
changes in the prices (or in the quantities) are large; for, if 
they are small, arc elasticity even when measured by the arith- 
metic -method is the same as point elasticity for all practical 
purposes. But when the changes in the variables are large, it 
does make a difference—and a big one—whether the arc elas- 
ticity is measured (arithmetically) from the lower end of the 
arc or from the upper end.*° 

Basically the difference between arc elasticity and point 


*Tt might appear from the foregoing discussion that too much emphasis is 
being placed on such elementary notions as the elasticity of demand and the limi- 
tations of percentage changes as measures of relative changes, were it not for the 
fact that lack of familiarity with these notions is sometimes responsible for falla- 
cious economic reasoning. Thus, there are not a few economists who contend 
that, if the price of a commodity rose by, say, 100 per cent while its supply 
declined by, say, only 33% per cent, the decrease in the supply could not possibly 
explain the entire increase in the price, but that other causes—decline in the 
purchasing power of money, etc——must have contributed to the price increase. 
(Presumably only one-third of the increase can be attributed to the contraction 
of the supply, while two-thirds must be attributed to other causes!) 

What these economists overlook, of course, is that a large or small difference 
between a percentage change in supply and a corresponding percentage change in 
price proves absolutely nothing with regard to the existence or non-existence of 
“other causes.” Even under static conditions where “all other things remain 
equal” by hypothesis, a given percentage change in supply may bring about 
almost any imaginable percentage change in price, especially when the percent- 
age changes are large. 

In Figure 2 for example, there is traced a demand curve with a coefficient of 
elasticity of demand of —1 at every point on the curve. That is to say, a 1 per 
cent reduction in the supply always brings about a I per cent (approximately) 
increase in price. In the same curve, however, a 50 per cent reduction in the 
supply brings about a 100 per cent increase in price! 
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elasticity is simply a difference between finite differences and 
infinitesimals. The prices and quantities which go to make up 
any demand schedule proceed, of course, by finite differences, 
which are frequently very large. In the words of Professor 
Edgeworth, they ‘“‘may be likened to a net with meshes so wide 
as to lose half the catch.” From such data we can derive arc 
elasticity—which may or may not have any significance—but 
no point elasticity. When, however, we “fill up the vacant 
spaces with a finer reticulation” by passing a continuous curve 
through the points, we can derive from it both the point elas- 
ticity and the arc elasticity, and judge the significance of the 
latter. The thing to remember, therefore, is that in order to 
derive an unequivocal coefficient of elasticity we must first 
derive the equation to the demand curve, or the law of demand. 
To this we now turn. 


Ill. THE NEO-CLASSICAL LAW OF DEMAND 


The concept of demand which is most useful to the statisti- 
cal economist is that which was first propounded by Cournot 
nearly a century ago. Brushing aside such meaningless and 
sterile statements as “the price of goods is in the inverse ratio 
of the quantity offered, and in the direct ratio of the quantity 
demanded,” Cournot stated the concept of demand in the fol- 
lowing unambiguous terms: “Let us admit,” said he, “. ... 
that the sales or the annual demand D is, for each article, a 
particular function F(p) of the price of such article. To 
know the form of this function would be to know what we call 
the law of demand or of sales.”'® Some of the essential features 
of this law may be summarized as follows: 

1. The function F(p) which expresses the law of demand 
or of the market is assumed to be a continuous function. That 
it might be otherwise if the number of consumers were very 
limited is clearly recognized. But the economist is not inter- 
ested so much in the individual demand functions as in the 


* Cournot, op. cit., p. 47. 
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corresponding aggregate or collective function. The latter 
tends to be continuous. 

The statistical conclusion to be drawn from this is that the 
observations must be numerous. 

2. The law of demand or the demand curve relates to a 
given country or market. “It is well known that by market 
economists mean, not a certain place where purchases and sales 
are carried on, but the entire territory of which the parts are 
so united by the relations of unrestricted commerce that prices 
there take the same level throughout, with ease and rapidity.””” 

In any statistical investigation of the demand for a com- 
modity, the market to which it relates must be specified. The 
exact boundaries of a market are, however, sometimes difficult 
to determine. In this connection Professor F. A. Fetter’s “‘Eco- 
nomic Law of Market Areas”’* may be helpful. In his own 
words: 

The boundary line between the territories tributary to two geographi- 
cally competing markets for like goods is a hyperbolic curve. At each point 
on this line the difference between freights from the two markets is just 
equal to the difference between the market prices, whereas on either side of 
this line the freight difference and the price difference are unequal. The re- 


lation of prices in the two markets determines the location of the boundary 
line: the lower the relative price the larger the tributary area [p. 525]. 


3. The law of demand relates to a point in time. In most 
statistical investigations, however, the year is taken as the 
natural unit of time; that is, the quantities studied are those 
which are sold annually, and the prices with which the quanti- 
ties are compared are average annual prices. But, as Cournot 
pointed out, both the price and the law of demand of a com- 


* Tbid., p. 51, footnote. 

* Quarterly Journal of Economics, May, 1924. 

This law, which Professor Fetter discovered and found useful in connection 
with his work on the “Pittsburgh-plus” plan before the Federal Trade Commis- 
sion, may be traced to von Thiinen’s Der isolirte Staat. See Marshall, Principles 
of Economics (8th ed.), p. 442, note. 
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modity may vary considerably during the year.’® This raises 
some interesting questions: Is it possible for a commodity to 
have an elastic demand during one season and an inelastic de- 
mand during another? Suppose that monthly data of consump- 
tion (or production) and prices yield an elastic (or inelastic) 
demand. Would annual averages derived from the same data 
also yield an elastic (or inelastic) demand? It is to be hoped 
that statistical data will be forthcoming which will enable one 
to derive specific answers to these questions. 

Should the available data for any particular commodity 
enable one to derive seasonal demand curves as well as the 
average of such curves, that curve will, of course, be chosen 
which, for the purposes of the investigation in question, is the 
most significant. 

4. The demand curve may represent price either as a func- 
tion of the amount demanded or “consumed” by the buyers 
(non-possessors) only, or as a function of the amount de- 
manded by both buyers and sellers (non-possessors and pos- 
sessors). Thus, a demand curve for potatoes may represent 
either (1) the “amounts which will be bought” at each of a 
variety of prices, or (2) the ¢otal amount which will be “taken” 
at each price, which includes not only the amount bought by 
“consumers,” but also the amount kept by farmers for their 
own use and for feeding, as well as the amount left in the 
ground in case the price obtainable does not pay the costs of 
harvesting.*° The first is the more common concept of the 
demand curve. For some purposes, however, the second con- 
cept is more useful. 

The rationale of the second or more general concept of 

* Cournot, op. cit., p. 52. The author is quite satisfied that the elasticity of 
demand for beef varies greatly between summer and winter. See “The Measure- 
ment of the Elasticity of Demand for Beef,” Journal of Farm Economics, July, 
1924, pp. 275-76. 

» Cf. Holbrook Working, “Factors Determining the Price of Potatoes in St. 


Paul and Minneapolis,” Technical Bulletin 10, University of Minnesota Agricul- 
tural Experiment Station (October, 1922), p. 17. 
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demand is clearly stated by Professor Davenport in his Eco- 
nomics of Enterprise: 


In any market where owners of goods will sell only if they can “get 
their price,” and owners of money buy only if they can “get their money’s 
worth,” it is evident that the men on both sides of the market have made 
an appraisal of the thing owned relatively to the thing offered. This fact 
points to the similarity between the demand and supply side of any par- 
ticular exchange; the owners of hats may be thought of as having either a 
supply of hats or a demand for money,—the owners of money as having 
either a demand for hats or a supply of money. Each side has things for 
exchange, with limits on exchange expressed in the other thing. 

Because of this similarity it is possible to combine the buyers’ and 
sellers’ money estimates of hats into one schedule which will express for 
each man the relation for him between money and hats. .. . (pp. 48-51). 

It is . . . . evident that if we decide to regard the money side of 
the situation as demand for hats, and the hat side of the situation, not as 
demand for money, but only as supply of hats, we must recognize the 
holders of hats as themselves having demands for hats (p. 51). 


And again, 


. the reservation prices of the sellers are, in ultimate analysis, de- 
mands, and are as important to the fixation of price, and important in 
precisely the same way, as are the price paying dispositions of the seekers 
for goods (p. 55). 


Another strong champion of this concept is P. H. Wick- 
steed. Wicksteed takes up the question of the rdle which the 
supply curve plays in the determination of price in the follow- 
ing words: 


But what about the “supply curve” that usually figures as a deter- 
minant of price, co-ordinate with the demand curve? I say it boldly and 
baldly: There is no such thing. When we are speaking of a marketable 
commodity, what is usually called a supply curve is in reality a demand 
curve of those who possess the commodity; for it shows the exact place 
which every successive unit of the commodity holds in their relative scale 
of estimates. The so-called supply curve, therefore, is simply a part of the 
total demand curve.... . oa 


71 “The Scope and Method of Political Economy in the Light of the ‘Margi- 
nal’ Theory of Value and Distribution,” Economic Journal, March, 1914, p. 13. 
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It must be emphasized, however, that the insignificant 
state to which these economists would reduce the supply curve 
relates only to its generally accepted role as a factor in price 
determination co-ordinate with the demand curve. If all that 
we desire to know is the price at which a given exchangeable 
commodity will sell in the market, the “supply curve” is not 
necessary. The price is fixed absolutely by two determinants: 
(1) the general or total demand curve (of which the “supply 
curve” is a part), and (2) the amount of the actual supply 
existing in the community. “This is not a curve at all, but an 
actual quantity.” If, however, what we wish to know is not 
simply the price at which the commodity will be sold, but also 
the number of units that will change hands, and whether the 
price is in stable or unstable equilibrium, we must have re- 
course to the ordinary method of presenting the general de- 
mand curve in two sections: the ordinary conventional demand 
curve of the purchasers, and supply curve of the sellers. 

That these are valid conclusions may be illustrated by 
reference to a hypothetical example.*? Suppose that in a given 
market for hats there are five buyers, B,, B., B;, Bs, and B;, and 


TABLE I* 


B, is willing to buy one hat for $5.00 

Bz is willing to buy one hat for $4.00 S; is willing to sell one hat for $4.00 
B; is willing to buy one hat for $3.00 S2 is willing to sell one hat for $3.00 
B, is willing to buy one hat for $2.00 S; is willing to sell one hat for $2.00 
B, is willing to buy one hat for $1.00 S, is willing to sell one hat for $1.00 


* Professor Henry L. Moore calls attention to the implicit assumption made in this example, 
i.e., that each seller has only one unit to sell and each buyer will take only one unit. This purely 
hypothetical assumption does not, however, invalidate the use of the example for the purpose of 
illustrating how the general demand schedule may be derived from the buyers’ and sellers’ schedules. 
four sellers, S,, S., S;, and S,, and that the situation is as shown 
in Table I. 

Under these conditions, what will the price be? 

It is evident that if B, is willing to buy one hat for $5.00. 
he certainly would be willing to buy it at a price less than $5.00, 


” Cf. H. J. Davenport, Economics of Enterprise, pp. 47-51. 
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so that when the price is $4.00, the number of hats demanded 
is two (one by B, and one by B.); when the price is $3.00, the 
number of hats demanded is three (one by B,, one by B., and 
one by B;); etc. Similarly, if S, is willing to sell one hat for 
$1.00, he certainly would be willing to sell it at a higher price, 
so that when the price is $2.00, two hats are offered on the 
market (one by S, and one by S;); when the price is $3.00, 
three hats are offered on the market (one by Su, one by Ss, and 
one by S.); etc. Proceeding in this manner, we obtain the de- 
mand and supply schedules shown in Table II. 


TABLE II 
- tit: tit 
Price Demanded ad eungted 
MBG ROOis saltsteveltieisrain,shanssetoiyer Dg) coi iscaneiets. ce terns 
ARO ens chal vise sisi eihe s siseln'e 2 4 
AOD saa mtaleretveistale) seis ates 3 3 
BRGO' As cate tal slaistehe sits catteng ot 4 2 
DROO Myer eePeisice ie siete ees 5 I 


It is clear from these schedules that the market price will be 
$3.00, for at this price the number of hats demanded is equal 
to the number supplied. As there are four hats on the market, 
one hat will not find a purchaser. (S, is not willing to sell his 
hat for less than $4.00.) ° 

When these schedules are represented graphically, we have 
the usual demand and supply curves. In Figure 3, DD’ is the 
demand curve of the buyers and SS’ is the supply curve of the 
sellers. The intersection of the two curves is at the point P. 
From the co-ordinates of this point (X¥—3, Y=3) we know 
that three hats will be sold and that the price will be $3.00 per 
hat. From the positive slope of the supply curve SS’ we know 
that the demand and supply are at stable equilibrium at P. 

Now let us combine both buyers’ and sellers’ schedules into 
one general demand schedule. Since the owners of hats may be 
thought of as having either a supply of hats or a demand for 
money, and the owners of money as having either a demand for 
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hats or a supply of money, the market situation may be repre- 
sented as shown in Table III. 


Pe ae Se 


BIN eal 
BIN 
BEMNONeE 
Bia Sara. 
RSG ame. 


OC WS 82 OS ORO one o 
Quanity 


Fic. 3—The relation between the general demand curve and the particular 
demand and supply curves. 


In Figure 3 this general demand schedule is represented - 
graphically by the curve DP’ D’’. Thus By,’s estimate is repre- 


TABLE III 

Those Who Have} Those Who 

Hats Have Money 
Byasowtns estimates 5 of money as equal to r hat 
Bataetaees estimates 4 of money as equal to 1 hat 
Srcicis oieess qyauniceallin a arepeleresetees estimates 4 of money as equal to 1 hat 
Byethlees estimates 3 of money as equal to r hat 
SHE enoore cackia Pcomen toe estimates 3 of money as equal to 1 hat 
Baainicten estimates 2 of money as equal to 1 hat 
Sy.idsh ats sercasillate era estimates 2 of money as equal to x hat 
Byreacie nt estimates 1 of money as equal to 1 hat 
Sgutldceseessclde ecto eee estimates 1 of money as equal to 1 hat 


sented by the point 1,5; B.’s estimate by the point 2,4; S,’s esti- 
mate by the point 3,4; etc. 
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This general demand curve may also be obtained directly 
from the conventional demand curve DD’ and the conventional 
supply curve SS’. We may begin with the highest price. Only 
one hat is demanded or valued at $5.00. This is represented by 
the point D, whose co-ordinates are 1,5. When the price is $4.00, 
two hats are demanded and four hats are supplied. But the de- 
mand for two hats at $4.00 apiece zmcludes the demand for one 
hat at $5.00; and the supply of four hats at $4.00 apiece in- 
cludes the supply of three hats when the price is $3.00. Hence 
when the price is $4.00, one additional hat is supplied and one is 
demanded. That is to say, there are two hats which are valued 
at $4.00 apiece. This fact is represented by the points, 2,4 and 
3,4. When the price is $3.00, three hats are demanded and three 
are supplied. But the demand for three hats at this price in- 
cludes the demand for two hats when the price is $1.00 higher, 
and the supply of three hats at this price includes the supply of 
two hats when the price is $1.00 less. Hence when the price is 
$4.00 per hat, another additional hat is demanded and one more 
additional hat is supplied. In other words, there are two hats 
which are valued at the rate of $3.00 for 1 hat. This fact is rep- 
resented by the points whose co-ordinates are 4,3 and 5,3 re- 
spectively. Proceeding in this manner we obtain the general de- 
mand curve DP’ D’’. 

Having thus derived the general demand curve, how may we 
obtain the price at which the hats will be sold? 

A glance at Figure 3 will show that the price is not given by 
the ordinate of the point at which this general demand curve 
DP’ D” crosses the supply curve SP S’. To determine the mar- 
ket price when we are given a general demand curve, all that 
we need to know is simply the total quantity available. We 
have seen that there are altogether four hats on the market. 
The ordinate of the curve DP’D’’ corresponding to this supply 
is P’4=3. That is to say, the price will be $3.00 per hat, 
which agrees with the result obtained from DD’ and SS’. 

The general demand curve DP’D”’ is subject to several limi- 
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tations, which must be kept in mind. (1) It does not tell us how 
many units exchanged hands. (2) It does not tell us whether the 
supply curve which it includes has a positive or negative slope, 
and, consequently, whether the price P’4 is stable or unstable. 
(3) It is based on the assumption of a fixed supply. This necessi- 
tates drawing up a new demand schedule whenever the total sup- 
ply is changed. Suppose, for example, that in the foregoing hy- 
pothetical illustration, one new seller, S;, enters the market, and 
is willing to sell one hat for $6.00. It is clear from the intersec- 
tion of the ordinary supply curve SS’ and the demand curve DD’ 
that the new offer would not change the equilibrium price P3= 
$3.00. The only effect that the introduction of the new offer 
would have on the ordinary supply curve SS’ is to prolong it to 
the point 6, 6. However, its effect on the general demand curve 
DP’D” would be a radical change, a shift to the right. In its 
present form the general demand curve tells us only what price 
corresponds to the fixed supply of four hats. 

The foregoing discussion has an important bearing on prob- 
lems connected with the derivation and interpretation of statis- 
tical laws of demand. All concrete laws of demand are based 
on observations, i.e., on statistical records, of prices paid and 
amounts sold or produced at various times. These records are, 
of course, nothing more than co-ordinates of various points on 
an unknown demand curve, affected by many disturbing factors. 
The statistical problem is to derive the most probable demand 
curve suggested by these observations. Whether, therefore, any 
statistical law of demand represents the demand function: of 
both buyers and sellers, or that of buyers only, depends upon 
the nature of the statistical data on which it is based. If, for 
example, we are given the annual production of potatoes in- 
cluding the amount left to rot in the ground, the amount fed 
to hogs, etc., and the corresponding prices, we have a series of 
points or observations, such as P’ and D” (Fig. 3), affected of 
course by disturbing factors. The law of demand derived from 
these observations will be a general demand curve. Such a de- 
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mand curve must not be put in juxtaposition with a supply 
curve. If, on the other hand, we are given the quantities sold 
and the corresponding prices, we have a series of observations 
or points such as P. The law of demand derived from these ob- 
servations will be a particular (or buyers’) demand curve. In 
practice, however, it may often be impossible to derive a purely 
buyers’ or a purely general demand curve, owing to the unsatis- 
factory nature of the available statistics and to the fact that the 
two curves may coincide for part of the distance. 

5. The most common demand curve is the locus of a point 
P whose abscissa represents the number of units demanded and 
whose ordinate represents the price per unit (see Fig. 2). There 
are, however, other kinds of demand curves. Thus, if in the 
above demand curve we let the ordinate represent oz the price 
per unit, but the total amount of money (or any other specified 
article) given in exchange for the quantity represented on the 
X-axis, we have the integral curve which is frequently used for 
representing demand in international trade. In this study, how- 
ever, only the more common demand curve will be dealt with. 


IV. LIMITATIONS OF THE NEO-CLASSICAL LAW OF DEMAND 


The limitations of the static law of demand have been dis- 
cussed by Marshall** and, more especially, by Edgeworth.** At 
this point only two difficulties need be mentioned. 

1) In theory the law of demand for any one commodity is 
given only on the assumption that the prices of all other com- 
modities remain constant (the old ceteris paribus assumption). 
This postulate fails in the case of commodities for which sub- 
stitutes are available. Thus when the price of beef is changed 
markedly, the prices of such rival commodities as mutton, veal, 
and pork cannot be supposed to remain constant. Likewise, 
the price of sugar cannot be increased beyond a certain point 
without affecting the prices of glucose, corn sugar, and honey. 

*8 Op. cit., pp. 109-10. 

* Article on “Demand Curves,” in Palgrave’s Dictionary of Political Econ- 
omy, 1, p. 554. 
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2) The validity of the theoretical law is limited to a point 
in time. But in order to derive concrete, statistical laws our 
observations must be numerous; and in order to obtain the 
requisite number of observations, data covering a considerable 
period must be used. During the interval, however, important 
dynamic changes take place in the condition of the market. For 
a commodity like sugar, the principal dynamic changes that need 
be considered are the changes in our sugar-consuming habits,”* 
fluctuations in the purchasing power of money, and the increase 
of population. 

These (and other) difficulties led Professor Edgeworth to 
say “. . . . it may be doubted whether Jevons’ hope of con- 
structing demand curves by statistics is capable of realiza- 
tion.””’® It remained, however, for Professor Moore to show 
that these limitations may be overcome, and that concrete sta- 
tistical demand functions may be derived which are exceedingly 
useful for a good many purposes.” Professor Moore overcomes 
the first of these limitations by substituting the more general law 
of demand of the mathematical school which is connected with 
the names of Walras and Pareto for the neo-classical variety; 
and the second, by utilizing the more modern tools of statistical 
analysis. 


Vv. THE LAW OF DEMAND OF THE MATHEMATICAL SCHOOL 


According to the mathematical school of economics, there is 
only one theoretically correct method of formulating the law of 


** The per capita consumption of sugar in the United States increased from 
52.8 pounds in 1890 to 107.5 in 1925. 


° Op. cit., D. 544. 

™ Henry Ludwell Moore, Economic Cycles (1914), chap. iv, “The Law of 
Demand”; Forecasting the Yield and Price of Cotton (1917), pp. 101-15, and 
chap. v, “The Law of Demand for Cotton”; “Empirical Laws of Demand and 
Supply and the Flexibility of Prices,” Political Science Quarterly, December, 
1919; “Elasticity of Demand and Flexibility of Prices,” Journal of the American 
Statistical Association, March, 1922; “A Moving Equilibrium of Demand and 
Supply,” Quarterly Journal of Economics, May, 1925; “Partial Elasticity of De- 
mand,” ibid., May, 1926; “A Theory of Economic Oscillations,” ibid., Novem- 
ber, 1926. 
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demand. It is to write the demand for any commodity as a func- 
tion of all the prices in the economy under consideration; or— 
what amounts to the same thing—to write the price of any com- 
modity as a function of the quantity demanded and of all the 
other prices.”® 

In symbolic form, this law of demand is 
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where x, and x, are, respectively, the price and the quantity of 
the commodity in question, and ¥2, %;, . . . , %n are the prices 
_ of all other commodities. 

It is only through such a general formulation that all prices 
may be determined by a system of simultaneous equations and 
that an insight may be had into the tremendous complexity of 
our price economy. It is only through such a general formulation 
that the conditions may be mathematically deduced which give 
rise to the positively sloping demand curve.”® Once the equation 
connecting the quantity demanded and all the prices has been 
determined, it is quite easy to deduce the relation between the 
quantity and its price on the assumption that all the other prices 
are kept constant, and thus obtain the neo-classical demand 
curve as a special case. This is accomplished by the mathemati- 
cal operation of assigning constant values to all the variables in 
the equation except the two under consideration. And it may 

On the difference between the neo-classical and the mathematical state- 
ment of the law of demand, see Vilfredo Pareto, “Economie Mathématique” 
in Encyclopédie des Sciences Mathématique, Tome I, Vol. IV, Fascicule 4, pp. 
503-04, 614-21, and especially 628-30; Manuel d’Economie Politique, pp. 579 ff. 
Leon Walras, Eléments d’Economie Politique Pure (4th ed., 1900), pp. 122-24, 
208-16. Gustav Cassel, The Theory of Social Economy, chap. iv: “The Mech- 
anism of Pricing.” Henry L. Moore, “A Theory of Economic Oscillations,” Quar- 
terly Journal of Economics, November, 1926. For a criticism of Pareto’s Manuel 
which has a bearing on his treatment of the law of demand, see Knut Wicksell’s 
“Vilfredo Paretos Manuel d’économie politique,” Zeitschrift fur Volkwirtschaft 
Sozialpolitik und Verwaltung, XXII (1913), 132-51, and especially p. 138. 

The relation between the distribution of income and the law of demand is 
discussed by Pareto in “La legge della domanda,” Giornale degle Economisti, X 
(January, 1895), 59-68. 

® See references given in note 2, p. 5. 
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well be that the demand curve thus obtained will depend upon 
the magnitude of the constants which are assigned to the other 
variables.*° Thus the demand curve for wheat when the price of 
rye is kept constant at $0.75 a bushel may be considerably dif- 
ferent from what it is when the price is kept constant at $1.50 a 
bushel. 

To derive the ordinary (neo-classical) demand curve as a 
special case of the general demand function of the mathematical 
school by assigning constant values to all the variables in the 
general demand function except the price and the quantity under 
consideration, is to effect an improvement over the neo-classical 
approach. The neo-classical economists simply ignored the other 
variables, without troubling themselves first to introduce them 
into their demand equation and then to assign to them constant 
values. They never faced the problem of the level at which each 
of the “other things” must be kept constant. The ceteris paribus 
postulate of classical fame must not, therefore, be confused with 
the method of mathematical ignoration described before. 

Though the theoretical advantages of the Walras-Pareto 
over the neo-classical type of demand function are quite appar- 
ent, it may be asked whether its very generality renders it useless 
for practical purposes. If, in accordance with the general theory 
of equilibrium, the demand for any commodity must be written 
as a function of the prices of all the commodities and services in 
the economy under consideration, and if in the given economy 
there are as few as 100 commodities, and services, this means 
that the equation of demand for each commodity is a function of 
100 variables. How can we deal with such complicated functions 
in any practical problem? The answer is that, although in theory 
it is necessary to deal with the demand function in all its com- 
plexity in order to show that the price problem is soluble,** in 

* This will be true, for example, when the general demand function (see 
equations [3b] and [3c], p. 30) contains product terms in two or more of the 
variables. 


"See Henry Schultz, “Mathematical Economics and the Quantitative Meth- 
od,” Journal of Political Economy, XXXV, No. 5 (October, 1927), pp. 702-6. 
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practice only a small advantage is gained by considering more 
than the first few highly associated variables.** Which are the 
most highly associated variables cannot be answered a priori. 
We either have recourse to experience, or else we proceed to 
select variables by trial and error, relying on the method of cor- 
relation to tell us how much of the phenomenon under considera- 
tion (dependent variable) is accounted for by each of the varia- 
bles selected. 


VI. THE STATISTICAL APPROACH TO THE PROBLEM 


Although the mathematical law of demand is more general 
than the neo-classical variety, the two laws have this in com- 
mon: they are both static laws; they relate to a point in time. 
Dynamic changes in demand that take place from time to time 
are not taken into consideration by them. But in order to bring 
the theory of consumption into closer agreement with the facts 
of our experience it is necessary to show how the demand curve 
moves—how it changes its position from time to time.** The sta- 
tistical law of demand, as will be shown later,** may be made to 
show this; for it expresses the price of any commodity as a func- 
tion, not only of the quantity demanded and the price of all other 
commodities, but also of time. 

That the statistical law of demand must take into considera- 
tion the changes that the variables undergo in time is evident 

* “Tf A in part determines B, when we disregard other factors, and C in part 
determines B, when we disregard all else, and similarly D and E, it is argued that 
all these part-determinations can be added together and the sum will finally de- 
termine B. But the error made lies in the supposition that A, C, D, £, etc., are 
themselves independent. In the universe as we know it all these factors are them- 
selves to a greater or less extent associated or correlated, and in actual experience 
but little effect is produced in lessening the variability of B by introducing addi- 
tional factors after we have taken the first few most highly associated phenom- 


ena.” Karl Pearson, Grammar of Science (3d ed.), p. 172. Quoted by Henry L. 
Moore in his Forecasting the Vield and Price of Cotton, p. 162. 


%8 Also changes in the shape of the “curve” must of course be measured. 
This may be accomplished by dividing the period of the observations into several 
convenient parts and determining the demand function for each part separately 


See pp. 40-42; 61-62; 74-75; 85-87. 
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from the very nature of the statistical approach. The determina- 
tion of a statistical law of demand calls for numerous observa- 
tions; and in order to obtain the requisite number of observa- 
tions, data covering a considerable period must, as a rule, be 
used. During the interval, however, important dynamic changes 
take place in the market. The statistical approach must there- 
fore deal with variables which are functions of time. 

In mathematical symbols, the statistical law of demand is 
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where the x’s have the same meaning as in equation (2), and 
where ¢ stands for time. If, in this dynamic law of demand, we 
give ¢ a fixed value ¢,, representing the particular date (or small 
interval of time) in which we happen to be interested, we obtain 
the Walrasian statical law of demand (2) as a special case. If 
we also give constant values to all the x’s except x) and x,, we ob- 
tain the neo-classical statical law of demand as another special 
case. In any inductive investigation, however, the statical laws 
of demand may only be approached, but never realized. 

In most statistical investigations in demand it has been found 
convenient not to introduce time as an explicit variable into the 
demand equation, but to make adjustments in the other variables 
for such changes as are presumably due to time. The practice of 
reducing the quantities consumed or produced to a per capita 
basis and the money prices to a constant purchasing power basis; 
the use of first (or higher order) differences, link relatives, or 
trend ratios, etc., instead of the original observations are exam- 
ples in point. When the data are so adjusted the dynamic, sta- 
tistical law of demand becomes 
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where the X’s are the x’s of (3), adjusted for time changes. Thus, 

if the adjustment is by the method of trend ratios, to be ex- 
wi 

fi(ti) © 


plained later, Xi= 
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From the neo-classical point of view, all variables in the de- 
mand equation except the price and the quantity of the commod- 
ity under consideration may be looked upon as “disturbing fac- 
tors.” Since it is often possible—at least to a first approximation 
—to eliminate the disturbing factors collectively as well as indi- 
vidually, an important question presents itself as soon as we at- 
tempt to derive a law of demand from statistics, namely: Shall 
the resultant of the disturbing factors which affect the price of 
the commodity and the resultant of the disturbing factors which 
affect the quantity of the commodity be eliminated by a single 
statistical device? Or shall each factor be accounted for sepa- 
rately? Thus, suppose that the price of sugar is really a function 
of four variables: the quantity of sugar demanded, the price of 
glucose, the price of corn sugar, and the price of honey; but that 
we are chiefly interested in the relation between the price of sug- 
ar and the quantity of it which is demanded. Shall we first ad- 
just the statistics of prices and consumption for the resultant of 
changes in the other variables—assuming that such an adjust- 
ment is possible—and then derive the desired relationship by 
considering the price of sugar as a simple function of only one 
variable, the quantity demanded, or shall we actually express 
the price of sugar as a function of all the four variables? 

There can be no doubt but that the second method of ap- 
proach is theoretically the more desirable solution of the 
problem, for it not only yields what Professor Moore has termed 
a “dynamic law of demand in its complex form,” but it also 
permits us to derive an approximation to the static law of de- 

‘mand at the same time. This will be evident if our problem be 
put into algebraic form: Suppose that, following Professor 
Moore’s notation,** we let X, be the percentage change in the 
price of a commodity, say sugar, and X, the percentage change 

* For a full and suggestive treatment of the various methods, the reader 


must be referred to Professor H. L. Moore’s Forecasting the Yield and Price of 
Cotton, chaps. v-vi. 
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in the amount of the commodity that is demanded. Then the dy- 
namic law of demand may be presented as follows: 
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where X., X3, . . . , An are percentage changes* in other 
factors, say, prices of glucose, prices of honey, etc. Neither the 
form of the function ¢ nor the interrelations of X,, X2, Xs, 
: . , Xn, are known. In any practical problem, however, we 
may find effectual means of overcoming these difficulties. We 
may, “with due precautions against spurious results,” experi- 
ment with different types of function ¢ and of the interrelations 
of X,, X2, Xs, . . . ., Xn, and select those types which enable 
us to determine X, with the degree of accuracy sufficient for the 
problem in hand. 

As a first approximation we choose the simplest possible 
function, 


Xo= (Xz, Xo, X3,.-- 5 Xn) =A tar Xi+a,X.+4,X;+. «1 a,X,y. (30) 


As both the form of the function ¢ and the interrelations of 
the X,, X2, . . . ., Xn, are assumed to be linear, the method of 
multiple correlation immediately suggests itself for determining 
the values of the constants do, di, . . . -,@n and the correla- 
tion between X, and the right-hand members of (30). An ex- 
cellent illustration of this method is afforded by Professor 
Moore’s derivation of the law of demand for cotton. Indeed, 
it would seem as if the method of multiple correlation were ex- 
pressly invented for the purpose of deriving dynamic laws of 
demand. 

This simple linear function will probably give good results 
in the majority of cases, especially where a sufficiently large 
number of variables are considered. If it should fail to do so, 
that is, if the error involved in determining X, from the simple 
function should turn out to be too large for the problem under 


°°The reason why Professor Moore uses percentage changes will become 
apparent later. 
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consideration, we may take as a second approximation to our 
function ¢ some more general equation, as 
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and determine the constants of this equation and the correla- 
tion between X, and the right-hand member of (3c). 

Both (35) and (3c) are examples of a “dynamic law of 
demand in its complex form.” These equations, however, also 
include an approximation to the static law of demand as a special 
case. Thus, if in these equations we single out X, (the percent- 
age change in the quantity of sugar demanded) as the important 
variable in relation to X) (the percentage change in price) by 
putting the other variables X;, X3, . . . ., Xn equal to zero, we 
have examples of approximations to the static law of demand. 
“These variables X2, Xz, ... ., Xn must be equal to zero 
since they severally represent percentage changes, and the gen- 
eral hypothesis in mind when the static law of demand is formu- 
lated is that there shall be no changes in other economic fac- 
tors:7*° 

Though the method of multiple correlation is, as we have 
just seen, the best method for dealing with the problem of the 
disturbing factors, it will not be employed in that part of this 
study which relates to demand; for we have excellent reasons 
for believing that the really important disturbing factors which 
obscure the relation between the prices and the amount of the 
commodity are not the changes in the prices of glucose, corn sug- 
ar, and honey, but the growing popularity of sugar as an article 
of consumption, the increasing population, and the changes in the 
general price level. And the effects of these long-time changes 


* H. L. Moore, op. cit., p. 152. 
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may be eliminated by one of two simple statistical devices quite 
as well as by the method of multiple correlation. These statisti- 
cal devices, first applied to such problems by Professor Moore, 
are: (1) the method of relative changes, and (2) the method of 
trend ratios. 

The method of relative changes consists of finding the func- 
tional relationship, not between the absolute prices and absolute 
quantities, but between the relative change in the price of the 
commodity and the relative change in the quantity demanded. 

By taking the relative change in the amount of the commodity that 
is demanded, instead of the absolute quantities, the effects of increasing 
population are approximately eliminated; and by taking the relative change 
in the corresponding prices instead of the corresponding absolute prices, 
the errors due to a fluctuating general price level are partially removed. 
If the observations should cover the period of a major cycle of prices, and 
the commodity under investigation should be a staple commodity, .... 
the above method of deriving the demand curve will give an extremely ac- 
curate formula summarizing the relation between variations in price and 
variations in the amount of the commodity that is demanded.?8 


As a measure of relative change we may take either the 
percentage change in the value from one year to the next or the 
ratio of the given year’s value to that of the preceding year 
(link relatives). In this study, however, we shall use only 
ratios or link relatives in preference to percentage changes, 
primarily because the former, unlike the latter, are always 
positive numbers. This is a great advantage where it is desir- 
able to work with the logarithms of the figures. 

The method of trend ratios derives the demand curve, not 
from the absolute prices and corresponding absolute quantities, 
but from the ratios of these prices and quantities to their re- 
spective trends. The rationale of this method may be based on 
the following considerations. 

If, during the period when our observations were taken, 
“all other things” had remained equal as theory demands, we 
should have no secular trend either of prices or of quantities. 


SH. L. Moore, Economic Cycles, pp. 69-70. 
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The existence of a secular trend in either series is prima facie 
evidence that “all other things” did not remain equal, that there 
was one or more disturbing factor or element. It is the disturb- 
ing elements which give rise to the trend and which create a dif- 
ferent “normal” from time to time. Hence it follows that by 
taking the ratio of the actual (observed) prices to normal or 
trend prices, we eliminate, to a first approximation, the effect 
of the long-time disturbing elements on the price of the com- 
modity under consideration. Likewise, by taking the ratio of 
the corresponding quantities to their trend, we eliminate ap- 
proximately all the long-time disturbing factors influencing the 
supply. By taking the ratios of our variables to their respective 
trends we are practically overcoming the chief difficulties which, 
according to Edgeworth and others, lie in the way of deriving 
statistical laws of demand. For our data, though extending 
over a period of years, may, when thus adjusted, be conceived 
of as representing approximately observations taken at a given 
point in time—at least for practical purposes. 

Though the method of trend ratios is, in general, to be pre- 
ferred to the method of relative changes or link relatives, on 
the ground that it gives a more adequate solution of the prob- 
lems which are faced in the derivation of the static law of 
demand, it would be erroneous to assume that it is always 
superior to the method of link relatives. All of these statistical 
devices are to be valued according to their efficacy in enabling 
us to lay bare the true relationship between the phenomena 
under consideration. An ideal method would eliminate entirely 
all of the disturbing factors. We should then obtain perfect 
correlation between changes in the quantity demanded and cor- 
responding changes in price. That is to say, the observations 
would all lie on the demand curve—there would be no “scatter”’ 
of points around the curve. The efficacy of any practical 
method is to be valued according to the closeness with which it 
meets the ideal or a priori requirements. Judged by this 
standard, the method of link relatives not infrequently gives 
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better results than the method of trend ratios. At other times, 
especially when it is necessary to use data which are affected 
by abnormal conditions, it will be found desirable first to cor- 
rect the price series by an index number of prices, and the 
quantity series by the census figures for population, before 
proceeding to apply any of the other methods. 

In the next two chapters all of these methods, with the excep- 
tion of the method of multiple correlation, will be applied to 
the same problem—the derivation of the law of demand for 
sugar—with the view of testing their relative advantages and 
disadvantages. More specifically, the law of demand for sugar 
in the United States will be derived: (a) by the method of link 
relatives (6) by the method of trend ratios. Both methods will 
be applied to the observed or unadjusted data for prices and 
consumption as well as to data which were first corrected for 
changes in the general level of prices and for population growth. 
Attention will also be called to the type of trend which is most 
suitable for the purpose of the problem in hand and to the type 
of equation which is most suitable for the purpose of deriving 
the best value of the coefficient of elasticity. 


CHAPTER II 


THE LAW OF DEMAND FOR SUGAR DERIVED FROM 
UNADJUSTED DATA 


I. THE METHOD OF LINK RELATIVES APPLIED TO THE 
UNADJUSTED DATA 


In Table I of Appendix II there are recorded, for the period 
from 1890 to 1914 inclusive, two unadjusted series: the total 
yearly consumption of sugar in the United States, and the 
average annual wholesale prices at New York of refined sugar 
in cents per pound.* The New York prices are taken because 
New York was the dominant sugar market during the period 
covered by this investigation; prices in all markets throughout 
the United States were fixed by the New York price. In the 
same table there are also recorded the link relatives of consump- 
tion and of prices (columns 4 and 5). 

There is no correlation between the crude data for con- 
sumption and prices’ (columns 2 and 3). On the other hand, 
there is considerable correlation between the link relatives of 
total consumption (X) and the link relatives of money prices 
(Y), the coefficient of correlation? being —o.68--0.07. A 
graphic presentation of this inverse relationship is to be found 
in Figure 4. 

I. THE PROBLEM OF FITTING THE DEMAND CURVE 

When the link relatives are plotted on a scatter diagram 
(see Fig. 5), the nature of the correlation between the two 

* The statistics were derived from Truman G. Palmer’s loose-leaf service, 
Concerning Sugar, pp. E-54, A, B, C (consumption), and p. E-8 (prices), pub- 
lished by the United States Sugar Beet Association, Washington, D.C. 

® r= —0.060.14. 

* The means of the link relatives of consumption and the link relatives of 


prices are 1.0415 and 0.9936 respectively. The standard deviations are 0.062,925 
and 0.096,696, respectively. 
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variables is more clearly exhibited. It will be seen that, con- 
sidering the number of observations and their distribution, one 
would hardly be justified in assuming skew relationship. Hence 
the problem of deriving the law of demand for sugar reduces 
to the problem of deriving the equation of the “best-fitting” 
straight line. 

The common method of fitting a straight line to data in- 
volves the arbitrary selection of one of the variables as the 
independent variable X and the assumption that an observed 
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Fic. 4—Inverse correlation between the link relatives of the total consump- 
tion of sugar in the United States and the link relatives of the wholesale money 
prices of sugar. 


point fails to fall on the line because of an “error” or deviation 
in the dependent variable Y alone, the X variable being allowed 
no deviation. The result of this method is that we get one 
straight line if we treat one of the variables as the independent 
variable, and a quite different one if we treat the other variable 
as the independent variable. Thus, in Figure 5, the straight 
line A (the regression of Y on X) gives the most probable rela- 
tive change in the price of sugar (Y) corresponding to a given 
relative change in consumption (X). The assumption made in 
deriving this line is that the statistics of consumption are free 


THE LAW DERIVED FROM UNADJUSTED DATA 37 


from error, the failure of the points to fall on the line being 
due to errors in the price data only. The line A’ (the regression 
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Fic. 5—Scatter diagram of the link relatives of the total consumption of 
sugar and the corresponding link relatives of the wholesale money prices of sugar, 
with the lines of regression (A and A’) and the “line of best fit” (V). 


of X on Y) gives the most probable relative change in consump- 
tion corresponding to a given relative change in price. The 
assumption made in deriving this line is that the statistics of 
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prices are free from error, the failure of the points to fall on 
the line being due to errors in the statistics of consumption 
alone. In deriving line A the sum of the squares of the vertical 
distances of the points from the line was made a minimum. In 
deriving line A’, on the other hand, the sum of the squares of 
the horizontal distances of the points from the line was made 
aminimum. In fact, in fitting line A the observed values in X 
are regarded as having a weight infinitely greater than those 
in Y, while in fitting line A’ the reverse assumption is made. 

It will be seen from Figure 5 that there is a considerable 
difference between the slopes of the two lines. That is to say, 
we get two quite different demand curves from the same equa- 
tion according as X (consumption) or Y (prices) is assumed to 
be free from error. The difference is sometimes such that one 
curve shows that the demand is elastic, while the other shows 
that the demand is inelastic. 

Now in practically all cases of observed data relating to 
demand and supply, the X variable is as subject to errors or 
deviations as the Y variable. We know, for example, that the 
statistics of sugar consumption are as subject to error as the 
statistics of sugar prices, if not more so. It therefore appears 
that a better-fitting straight line will be obtained by assuming 
that an observed point fails to fall on the line because there 
is an error in both X and Y. The curve-fitting method which 
is based on this assumption is much more complicated than the 
ordinary method. To the best of our knowledge, its direct 
application has thus far been confined to linear equations. No 
one has as yet succeeded in extending it (without making tedi- 
ous empirical approximations) to the fitting of even such a com- 
paratively simple non-linear curve as the second degree parabo- 
la. Even if the method is to be applied to linear equations only, 
the further assumption has to be made that the errors of X and 
Y have a constant ratio. When this ratio is equated to unity, that 
is to say when the observations in X are given the same weight as 
those in Y, or when the two variables are assumed to be equally 
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accurate or equally inaccurate, this method has a simple geomet- 
rical interpretation: it makes the sum of the squares of the nor- 
mals—the perpendicular distances of the points from the curve 
—a minimum.* The line V (Fig. 5) was fitted on this assump- 
tion. It may, therefore, be looked upon as the “line of best fit” or 
the “line of mutual regression.” Within the limits of observation, 
it is the best “demand curve” that may be derived from the data 
at hand. It gives the most probable relation between relative 
consumption changes and relative price changes for the interval 
1890-1914. 


2. THE LAW OF DEMAND IN TERMS OF LINK RELATIVES 


The equation of line JV is 
Y=—1.8404 X+2.910 (4) 


the origin being at 0,0. This means that, based upon the ex- 
perience from 1890 to 1914, an increase (or decrease) of one 
point (or, roughly, 1 per cent) in the link relative of consump- 
tion, is on the average, associated with a decrease (or increase) 
of 1.84 points in the relative price. Another way of saying the 
same thing is that an increase (or decrease) of one point in the 
relative price is, on the average, associated with a decrease (or 
increase) of 1/1.8404=0.54 of a point in the relative consump- 
tion. If line A be taken as the demand curve, the corresponding 
figure is 1/1.0471=0.96 of a point, and if line A’ be taken as the 
demand curve, it is 0.44 of a point. 

By means of this equation it is possible to estimate the 
probable change in the price corresponding to a given change 
in consumption, or the probable change in consumption corre- 
sponding to a given change in price. In 1913 the consumption 
of sugar in the United States was 4,192,000 short tons. (See 

“The hypothesis that the independent variable is as subject to error as the 
dependent variable has been considered by Adcock (1877 and 1878), Kummell 
(1879), Merriman (1891), Pearson (1901), Reed (1921), Gini (1921), Uhler 
(1923 and 1925), Pietra (1924), Glauert (1925), Whipple (1926), Rhodes (1927), 


and Roos and Oppenheim (1928). See partial bibliography at the end of this 
chapter. 


’ 
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Table I of Appendix II.) In 1914 the consumption was 
4,212,000 tons. What was the probable price of sugar in 1914? 
The change in consumption as measured by the link relative 
was 4,212,000+4,192,000=1.005. Substituting this value for 
X in the equation Y=—1.8404 X-+2.910 and solving for Y, 
we find that the probable price would be 1.0604 of the price for 
‘the preceding year. Since the price for 1913 was 4.278 cents, 
this value of Y would give 4.536 cents as the probable price 
for 1914. The actual price was 4.683 cents. In like manner we 
can estimate the probable change in consumption corresponding 
to a given change in price.° 


3. THE LAW OF DEMAND IN TERMS OF ABSOLUTE QUANTITIES 


Equation (4) gives the most probable relation which existed 
between the relative changes in the consumption and the corre- 


° This example illustrates the type of problem which arises most frequently 
in practical forecasting, namely, having estimated or observed the value of one 
variable, to find the probable value of the other. In the solution of this problem 
the given value is assumed to be free from errors of observation and the “line of 
best fit” is used like an ordinary line of regression. The solution would be dif- 
ferent, however, if we were given the observed values of both variables for any 
one year and were required to compute the corresponding probable values, since 
errors in both variables would then have to be taken into account. 

Thus, if the equation to the “line of best fit” be Y—=AX-+-B, then the prob- 
able or adjusted pair of values X{ and Y{ corresponding to the given or ob- 
served pair X; and Y; would have to be obtained from the following relation- 
ships: 

A 
Gta 
G 
G+A 


Rak (AX:+B—Y,;) 


a Yi+ (AX,+B— Y,) 
where G is the ratio of weight of the independent variable to that of the depend- 
ent variable. (See reference 6 in the bibliography.) In deriving equation (4) as 
well as all the other “lines of best fit” used in this study, G was taken as unity. 
If in the above equations we substitute for X1 and Y; their observed values 
for 1914 (see Table I of Appendix II) by putting X1=1.005 and Yi1=1.095, we 
obtain as the most probable values for that year X/—o.9905 and Y/ =1.087r1, 
The latter are the co-ordinates of the point at which the normal through the 
observed point crosses line V (Fig. 5). 
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sponding relative changes in the price of sugar during the in- 
terval 1890-1914. It is the law of demand for sugar in the 
link-relative form. A simple transformation, however, makes it 
possible to take the next step—the derivation of the law of 
demand for any one year in terms of absolute quantities. By 


definition, X os and y=" , where x and yp are respectively 
‘0 0 


the consumption and prices in the preceding or base year. By 
making these substitutions in (4), the law of demand in the ab- 
solute form becomes 


y/yo= —1.8404 x/%)+2.910 


or y= —1.8404(Yo/%o)x+2.910Vo (5) 
which may also be written® as 
%=—0. 5433 (%o/Yo)V-+1. 581 Xo « (54) 


If, for example, it is desired to have the law of demand for 
sugar in 1914, all that we have to do is to find the observed 
consumption (x) and the observed price (yo) for the “pre- 
vious year,” or 1913, and to substitute these values in either 
(5) or (5a). The observed consumption and price for each 
year between 1890 and 1914 are shown in Table I of Appen- 
dix II. It will be seen that in 1913 the consumption of sugar 
amounted to 4,192,000 tons (x), and the price was 4.278 cents 
(y.). Substituting these values in (5) we obtain 


y=—0.000,001,878 x+12.440. 


This form is very convenient for estimating price from con- 
sumption. Thus, the total consumption of sugar in 1914 
amounted to 4,212,000 tons. What was the probable price? 
Substituting this value of x in the foregoing equation we obtain 

°It must be kept in mind that equation (sa) is not the “regression of x on 


y” in the sense in which this expression is used in statistical literature. It is sim- 
ply another form of (5). 


, 
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4y=4.539, or the probable price for 1914 would be 4.539 cents. 
The observed price was 4.683 cents—a difference of 3 per cent. 

If, on the other hand, it were desired to estimate consump- 
tion from price, it would be more convenient to substitute xo 
and y, in equation (5a), which, for 1914, becomes 


X= — 532,000 y+6,628,000 . 


By way of comparison it is interesting to have the correspond- 
ing equations for 1904 and 1894. These are 


X= — 335,000 Y--4,515,000 
and *=— 240,000 y-++3,377,000 . 


That is to say, a rise or fall in the price of sugar of one cent per 
pound would have decreased or increased consumption by 
240,000 tons in 1894, by 335,000 tons in 1904, and by 532,000 
tons in 1914. Corresponding equations may be derived for all 
the other years between 1890 and 1914. Such equations afford 
a measure of the shifting of the demand curve from year to 
year as a result of dynamic changes. In a subsequent section, 
however, a more satisfactory method of determining these 
equations will be presented. 


@ 4. THE STANDARD ERROR OF THE DEMAND CURVE 


It is desirable to have a measure of the accuracy or “good- 
ness of fit” of line NV and to compare it with that of line A and 
line A’. The constant that is most commonly used to measure 
the “goodness of fit” of a curve is the standard error, or the 
root-mean-square deviation of the actual observations about 
the fitted curve. The standard error enables us to tell the 
degree of scatter, or the limits within which any proportion of 
the observations (points) are distributed about the line or curve 
under consideration. Assuming that the points are symmetric- 
ally distributed about the line or curve, we know from the 
Table of the Probability Integral that 68 per cent of all ob- 
servations fall within + the standard error; 95 per cent between 
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-+ twice the standard error; and 99.7 per cent between +- three 
times the standard error. All other things—the number of con- 
stants in the equations, the nature of the underlying assump- 
tions, etc—being the same, the “goodness of fit” of a curve is 
inversely proportional to its standard error. That curve gives 
the best fit which has the smallest standard error. 

In the case of the three lines of Figure 5, however, we 
should not be justified in comparing standard errors for the 
purpose of selecting the line of best fit, because the standard 
errors of these lines are not really comparable. The errors in 
question are: S,=0.0708, S,,=0.0461, S,=0.0413, where S,, 
S,,, and S,, denote the standard errors of the lines A, A’, and V 
respectively.’ That is to say, 68 per cent or, say, two-thirds 
of all the points or observations lie within a distance of --0.0708 
units from line A, of + 0.0461 units from line A’, and of only 
+0.0413 units from line N. But these distances are not meas- 
ured in the same direction. Thus, S, represents a vertical dis- 
tance of -+0.0708 units from line A (the regression of Y on X), 
S,’ represents a horizontal distance of +0.0461 units from line 
A’ (the regression of X on Y), while S, represents a perpen- 
dicular distance of +-0.0413 units from line V. In other words, 
the standard errors are measured in different units. Thus S, is 
measured in terms of Y (prices), S,, in terms of X (consump- 
tion), and §, in terms of both X and Y.® These errors are, 
therefore, not comparable. 


"These errors were computed from the following formulas: 
Sa=oz(1—r*)? 
Sar=ox(1—r7)3 
Sw=[}(ok+0%) -4V (cat 09)? +4roxo7]} 
where cy is the standard deviation of the variable Y, cx is the standard deviation 


of the variable X, and r is the coefficient of correlation between the variables. 

The first two formulas are well known. The third is given by Pearson, Joc, cit. 

* This follows from the fundamental assumption made in fitting line N, 

namely, that an observed point fails to fall on the line because of two errors or 

deviations: a (vertical) deviation in the dependent variable Y, and a (horizon- 
+. 
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To obtain comparable standard errors, the deviations about 
each of the three lines should be measured in the same direction. 
That is to say, the three sets of deviations should all be meas- 
ured either in the vertical direction, or in the horizontal direc- 
tion, or in the direction normal to the line under consideration. 
But if we do this, we shall get different results, depending upon 
the direction selected. Thus, if the deviations about the three 
lines be measured in the vertical direction, we know that line A 
will have the smallest standard error, for it was fitted by making 
the sum of the squares of the vertical deviations a minimum. If 
the deviations about the three lines be measured in the horizon- 
tal direction, we know that line A’ will have the smallest 
standard error, for it was fitted by making the sum of the 
squares of the horizontal deviations a minimum. If the devia- 
tions about the three lines be measured in directions perpendicu- 
lar to these lines, we know that line NV will have the smallest 
standard error, for it was fitted by making the sum of the 
squares of the normal deviations a minimum. 

We conclude, therefore, that while the standard error of line 
N (Sy 0.0413) has a perfectly definite meaning, it cannot be 
compared with the standard errors of line A and line A’. The 
three lines are the results of three different assumptions regard- 
ing the distribution of errors in X and Y. The justification of 
selecting line WV as “the line of best fit” must, therefore, be based 


tal) deviation in the independent variable X. The normal deviation is simply the 
resultant of these two deviations, the three quantities being related in the same 
way as the hypotenuse and the two sides of a right triangle. 

Let Xi and Y:, and X2 and Ys, etc., be the co-ordinates of the observed 
points. Let Xtand Vi, Xi and Y%, etc., be the co-ordinates of the corresponding 
adjusted points, i.e., the points at which the normals intersect the “line of best 
fit.’ Let W be the number of points or of pairs of observations. The vertical 
deviations are Y:—Y{, Y.—Y3, etc. The corresponding horizontal deviations are 
Xi:—X!, X.—Xi, etc. Hence the sum of the squares of the normal deviations 
may be written as 


WSy=2(X—X')?+2(Y—-Y")?. 


It is this function which was made a minimum in the fitting of line NV. 
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on the fundamental considerations which were adduced, and not 
on the size of its standard error. 


5. COEFFICIENT OF THE ELASTICITY OF DEMAND 


Having determined the law of demand for sugar as well as 
its standard error, and having indicated the great care that must 
be exercised in comparing standard errors, we are in a position 
to compute the coefficient of the elasticity of demand. 

It will be recalled that by definition the coefficient of the 
elasticity of demand is 


dx /dy_dx y 
y dy x” 


As the law of demand for any one year is, as we have seen, given 
by (5), all that we have to do in order to derive the coeffi- 


cient of the elasticity of demand for any one year is to find a 


dy 
from (5) and to multiply the result by y/x. We have 
Le eR dia Xo 
dy “dx 1.8404. ae ii 543357 Yo 
ete De ae 
eee ae tee ye a (6) 
But a= Y and = = =>: Hence (6) may be written as 

n=—0.5433 Y/X. (6a) 


This result, however, might have been obtained directly from 
(4) by finding 


dX Y 
dV Ue tes Y/X. 


From (6a) we see that the coefficient of the elasticity of de- 
mand varies from point to point on the demand curve WN (Fig. 
5). It is higher for high prices (or low consumption) than it is 
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for low prices (or high consumption). (See, however, note 20, p. 
153.) Its satisfactory representation, therefore, calls for a graph 
which would depict it as a continuous function either of con- 
sumption or of price. Such a graph will be presented later in con- 
nection with a more satisfactory method of deriving the demand 
curve for sugar. For the time being we shall content ourselves 
with determining the coefficient at only three points on the de- 
mand curve (4). 

When X=1, that is to say, when there is no change in the 
consumption of sugar between any two consecutive years, then 
n=—0.5433 (1.0696) =—0.58, or a reduction in the price of 
sugar of 1 per cent will increase consumption by 0.58 of 1 per 
cent. When X=1.1, that is to say, when “this year’s” con- 
sumption is already 10 per cent above that for last year, then 
n=—0.5433 (0.8856/1.1)=—0.44, or a reduction of 1 per cent 
in price will then increase consumption by only 0.44 of 1 per 
cent. On the other hand, when X=o.9, that is to say, when 
“this year’s” consumption is only 90 per cent of that for the 
preceding year, then 7=—0.5433 (1.2536/0.90) =—0.76, or a 
decrease in the price of 1 per cent will, under those conditions, 
increase consumption by as much as 0.76 of 1 per cent. Had we 
chosen line A or line A’ for our demand curve, we should have 
obtained considerably different values for our coefficients. It is 
evident, therefore, that the methods of fitting the demand curve 
have a great influence on the value of the coefficient of elasticity 
of demand. 


Il. THE METHOD OF TREND RATIOS APPLIED TO THE 
UNADJUSTED DATA 


Thus far we have derived the law of demand for sugar from 
unadjusted data by the method of link relatives. We have made 
one general correction for all the disturbing factors affecting 
price and another general correction for all the disturbing fac- 
tors affecting consumption by correlating the link relatives of 
the two variables rather than their absolute magnitudes. But, 
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as we have pointed out in chapter i, there is another method 
which may be used for making these general corrections—the 
method of trend ratios. What problems does this method raise 
which have not already been considered? Does it yield more 
satisfactory results than those which have just been obtained? 
Weare now ready to address ourselves to these questions. 

The method of trend ratios, it will be recalled, derives the 
demand curve, not from absolute prices and corresponding abso- 
lute quantities, but from the ratios of these variables to their 
respective trends (or “normal” values). The rationale of this 
method has already been explained? and, therefore, need not be 
repeated here. Suffice it to say that this method postulates a 
knowledge of the “normal” consumption and the “normal”’ price 
for each year, the assumption being that the “normal” values 
are slowly, smoothly changing quantities about which the ob- 
served quantities fluctuate. And as we have no a priori knowl- 
edge of what constitutes a “normal” consumption or a “normal” 
price for any single date, these norms must be obtained by fitting 
good empirical curves to the data before us.” 


I. THE PROBLEM OF SELECTING A GOOD TREND 


Now in the derivation of a good empirical trend, the statis- 
tician is faced with a fundamental difficulty: he must choose a 
curve which reproduces the underlying movement of the data 
without bending or twisting itself so as to conform to the ex- 
treme sinuosities, and which at the same time gives a good “fit” 
as judged by some arbitrary criterion—say, the mean square 
error. These requirements, however, are mutually destructive, 
and the statistician must exercise his judgment, in view of all the 
known facts, in effecting a happy compromise between these re- 
quirements. The whole question has been well stated by E. C. 
Rhodes: 


" CE. pp. 32-34. 
* Sometimes it is also advisable to have recourse to the graphic method and 
to the method of moving averages. 
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Given a series of points which require to be smoothed, we have always 
before us two principles, (1) that we must obtain a curve without the 
sinuosities which are not inherent in the data, and (2) we must get a curve 
which “fits” by least squares. These two principles are mutually incon- 
sistent. On the one hand we can obtain the curve which actually goes 
through the points—here the sum of the squares of the errors is zero, but 
the curve is composed of perturbations or sinuosities. On the other hand 
we can obtain a perfectly smooth curve, a straight line, a parabola, a sine 
curve, or whatever may be chosen to suit the given series, and we obtain a 
large mean square error. 

Somehow by careful balancing of these two mutually destructive prin- 
ciples we can obtain for any data a curve which is reasonably smooth and 
which at the same time gives a series of errors which have a reasonably 
small mean square error. The smoothness we obtain is not the best, nor is 
the sum of the squares of the errors a minimum.1+ 


For most statistical series, it is impossible to get an objec- 
tive test of the wisdom of one’s compromise between smoothness 
and goodness of fit. With the data before us, however, we may 
get at least a rough check on the suitability of the “compromise 
curve” for the problem in hand.” The main, if not the only, ob- 
ject in fitting trends to consumption and prices is to enable us to 
remove the disturbing factors which affect these variables and 
mask or hide their true relationship; for we know that when all 
of the disturbing factors have been eliminated, the correlation 
between the variables is perfect. Hence those trends are most 
suitable which best accomplish this object. That is to say, of all 
the pairs of trends that may be obtained by selecting one trend 
for consumption and one for prices, that pair should be selected 
whose deviations (trend ratios), other things being equal, are 
most highly correlated.** If the curves which are indicated by 
this test are the same, or nearly the same, as those which would 
have been selected anyway on account of their appearing to be 

“Tracts for Computers, No. VI, “Smoothing,” pp. 43-44 (Cambridge Uni- 
versity Press, 1921). 

* See pp. 33-34, and Table IV, p. 53. 


* Assuming of course, that due precautions are taken against spurious cor- 
relation. 
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_the best compromise between smoothness and goodness of fit, the 
confidence which statisticians are wont to place in the latter type 
of curve is not misplaced. 

In Figure 6 there are graphed, for the period from 1890 to 
1914, inclusive, the consumption of sugar in the United States, 
and four computed trends'*—a straight line, a quadratic, a cu- 
bic, and a quartic (biquadratic). It is clear from the graphs 


Ei guaTions To Ihe Trends: 
fqrco=: =-Straigh? Line 7 =288/.48 +99363 
2— —Quodrofic %=277084 499363 t +2,124,2 t* 
3—— Cubic 7 =2,71084 +105518 ¢ +2./242 C* -06352 C* 
I—-—Quarlic Te=26984/ 4/05318 € 46,7598 £*~ 06352 0°=0546/2 tt 
(Origin Toh, 11902) 


Taonsaids of Shorf Tons 


a Se es ee ee ee eee ee ee ee ee ee eee ee 
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Fic. 6.—Total consumption of sugar in the United States, 1890-1914, and 
four fitted trends. 


that neither the straight line nor the quartic is a satisfactory 
trend. The former is not “flexible” or “sensitive” enough; the 
latter is too flexible to yield satisfactory estimates of “normal” 
consumption. The parabola and the cubic, on the other hand, 
give excellent trends, and they are so nearly alike that it is im- 
possible to tell which is the better of the two. Asa choice has to 
be made, we take the cubic as giving the “best” trend of con- 
sumption. It is shown separately in Figure 7. 


*Tn the equations to the trends, x=actual or observed consumption; Tz== 
computed consumption; t=time in years, the origin being at July 1, 1902. 
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In Figure 8 are graphed the prices and six computed trends”® 
—a straight line, a quadratic, a cubic, a quartic, a quintic, and a 
curve derived by Rhodes’ method of smoothing” and designated 
by the letter R. The latter consists of arcs of high-order parab- 
olas, each of which runs into its neighbors and has a contact of 
the first order only. Rhodes provides a rough method of decid- 
ing the number of points that should be employed in smoothing 


Equation To the Trend: 
Tk=2,770.84 + 105,318 t +2.124,207- 06352 t* 
7000 (Origin July |, 1902) 
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Fic. 7.—The “best” trend of the consumption of sugar in the United States, 
1890-1914. 


by his method. This test suggests a fifteen-point smoothing. A 
fourth-order parabola was fitted to the first fifteen points (i.e., 
to the prices from 1890 to 1904, inclusive) by the method of 
least squares, and the arc of this quartic between 1897 and 1898 
was used as part of the final smoothed curve R. That is to say, 
this first quartic fixed the smoothed or “normal” prices for 1897 
and 1898. A parabola of the same order was then fitted to the 

*Tn the equations to the trends, y—=actual or observed price; Ty—=com- 
puted price; ¢=time in years, the origin being at July 1, 1902. 

* EF. C. Rhodes, of. cit. 


THE LAW DERIVED FROM UNADJUSTED DATA © 51 


next fifteen points (i.e., to the prices from 1891 to 1905, inclu- 
sive) in such a way that it joined on to the arc of the first curve 
at the smoothed ordinate for 1898 and had the same tangent at 
this point as had the first curve. The arc of this (second) curve 
between 1898 and 1899 was then used as part of our final curve. 
Proceeding in this way we derived the R curve between 1897 


Equations lo he Trends: 

—-1---Straight Line Ty=479548 4.001519 t 

| ——Quadrote Ty=47528/ 40015190 +0008/92 C* 

7) =47528/ +.062466C 40098192 ¢* 0006522 ¢* 

Ty =487646 4.062466 C -.0070942 t*.00065z2 C* 4.000053, t* 


Ty =4876 46-038 /53 t -0070542 t* +002 352,9 t*4.000059, t*-000017,509.8 ¢* 
=8 —Fhodes’ Method 


(Origin Joly 1, 1902) 
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Fic. 8—Wholesale money prices of refined sugar at New York, 1890-1914, 
and six fitted trends. 


and 1908. The éails of the curve (i.e., the segment from 1890 to 
1897 and the segment from 1909 to 1914) were obtained by 
using more of the first quartic that was found than its middle 
arc, and more of the last quartic that was found than its mid- 
dle arc. 

It is clear from Figure 8 that the straight line and the sec- 
ond-degree parabola are thoroughly unsatisfactory as trends. 
They are too “rigid” or “inflexible” and cannot, therefore, con- 
form to the underlying movement of the observed data. The 
Rhodes curve and the quintic—especially the former—are, on 
the other hand, too “flexible” or “sensitive”; their fit is “too 
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good.” Most statisticians, we dare say, would, by inspection, 
choose either the cubic or the quartic as being a happy com- 
promise between smoothness and goodness of fit, the chances 
being slightly in favor of the cubic, as it is the simpler of the two 
curves. Of course, if the selection were to be guided by no other 
consideration than that of “goodness of fit,” the palm would 


Equation to the Trend: 
Fy=4.7852,8) 4062466 C +.0008192 t* 000 6522 t* 
(Origin Joly 1/902) 
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Fic. 9.—The “best” trend of wholesale money prices of refined sugar at New 
York, 1890-1014. j 


have to be awarded to the Rhodes curve.** The degree to which 
the cubic provides a satisfactory description of the underlying 
movement of sugar prices from 1890 to 1914 is best shown by 
Figure 9. 

We are now ready to apply our test; that is to say, we are 
ready to determine which set of trend ratios is most highly cor- 
related. Now the full application of this test would require the 


* The sum of the squares of the residuals of each of the six curves is shown 
in the following table: 


Curve D> Curve =e 
Straight line. ............. 4.682 Qaartie - os ixccctsaseces 3-149 
Quadraat... ssc tec oe 4.630 IQUINHCEAT. . ccicomesiepisins I.959 
IGabiG.c a nenceweeeteecer 3.681 Rhodes curve............ 1.890 
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Computation of twenty-four correlation coefficients“ —by no 
means an easy task. We shall, however, efiect a great saving of 
time if we Init onr compnatations only to those series which ap- 
pear, by imspection, to yield promising results. A comparison of 
the curves im Figore 6 with those in Figure 8 suggests that no 
useful perpose will be served by inciading in our computations 
the series of ratios derived from curves 1, 2, and 4 of Figure 6, 


TABLE IV 


Srameer of mae Canmsniatox se Tw=ex t=2 Taexp Ramos oF =e 
Tenet Coxsma=caos of Speer (EX) asp t= Comees=oseenc 
Taes= Raves of Sucaz Peas (7)* 


(Comeintion between Z, and 
A | i . ¥, 
7B=n.053/—2. 722. a 302. 2n2|—0._ 33d. 222 
2. BEB —i. 572 2.4D4 
we —2. 385 —2. 2g2 
—2_ 550 2. 3 2.474 


ee ee 


and from curves 1 and 2 of Figure 8 The exclusion of these 
curves leaves only five series of ratios to be considered—aone se- 
es of consumption raties and four series of price ratios—and 
any four cociicients to be computed. The results of the com- 
putations are presented in Table IV. 

From this table three conclusions may be drawn: 

“We fitted fom curves te consumpiion end six curves to prices. As each 
carve wields a secies @f trend ratios, ther are 4 Xd—24 possible combinations 
between the series of consumption ratios (1) and the series of price ratios (¥). 
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1) The use of comparatively simple curves for the purpose 
of obtaining “normal” consumption and “normal” prices yields 
better (a priori) results than those obtained through the use of 
more complex curves. The highest correlation (r—=—0.78) be- 
tween the trend ratios is obtained when-a cubic is taken as the 
trend of prices as well as of consumption. The degree of corre- 
lation diminishes as the complexity or sensitiveness of the price 
trend is increased until, as in the case when the Rhodes curve is 
used, the very existence of a correlation becomes somewhat 
doubtful. 

2) The lower the correlation between X and JY, the greater 
the divergence between the coefficients of elasticity derived from 
the ordinary lines of regression. The common practice of arbi- 
trarily selecting one of the variables as the independent variable, 
without considering the effect of the selection on the elasticity of 
demand, is apt to lead to erroneous conclusions. 

3) Even if we choose the worst trends, thereby obtaining a 
low correlation between the resulting series of trend ratios (see 
column 5), recourse to the “line of best fit” still yields a fair 
approximation to the best value of the coefficient of elasticity of 
demand. (Compare column Y, with column Y;.) In fact, the 
lower the correlation between the variables, the more necessary 
it is to use the line or curve which makes the sum of the squares 
of the normals a minimum. 


2, THE PROBLEM OF SELECTING A GOOD DEMAND CURVE 


Having thus determined the trends of consumption and 
prices which are most satisfactory for our purposes, we are in a 
position to consider somewhat more fully than we have had oc- 
casion to do heretofore the further steps in the statistical deter- 
mination of the law of demand by the method of trend ratios. 

In Table IT of Appendix II there are recorded, for the period 
from 1890 to 1914, the observed consumption and the observed 
prices of sugar; the “normal” consumption and the “normal” 
prices as determined from the most satisfactory trends; and the 
consumption ratios (X) and the price ratios (Y). The con- 
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sumption ratios and price ratios are highly correlated, the co- 
efficient of correlation being, as we have already pointed out, 
—o.78. A graphic presentation of this inverse relationship is to 
be found in Figure 10. 

In Figure 11 the ratios are plotted on a scatter diagram. 
This diagram is a graphic representation of the observed rela- 
tion between consumption ratios and price ratios during the pe- 
riod from 1890 to 1914. Our problem now is how best to adjust 
these observations in order to derive from them for any one year 
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Fic. 10.—Inverse correlation between the trend ratios of the total consump- 
tion of sugar in the United States and the trend ratios of the wholesale money 
prices of sugar. 


the most probable relation between the variations in the amount 
of sugar that is consumed and the corresponding variations in 
price. In other words, our problem is to pass a good continuous 
curve through these observations. 

At this point two questions or difficulties present them- 
selves: First, what function shall be fitted to the data? Second, 
how shall the difficulty connected with the choice of the inde- 
pendent variable be overcome? The second difficulty has al- 
ready been discussed.*® We have seen that it is effectively over- 
come when, in the fitting of the curve, both variables are consid- 


™ Cf. pp. 35-39. 
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ered as being subject to error. The first difficulty does not arise 
at all when the regression is linear, for the use of the straight 
line is then clearly indicated. When the regression is skew, it 
will be found that the advantages of using Professor Moore’s 
“typical equation to the law of demand’ are such as not to 

” H. L. Moore, “Elasticity of Demand and Flexibility of Prices,” Journal 
of the American Statistical Association, March, 1922. 

Professor Moore’s equation is based on a generalized treatment of the co- 


efficient of the elasticity of demand. Assuming that the reciprocal of this coeffi- 
cient is a linear function of the amount demanded, he writes 


dg y Tete @ 


where x stands for the amount demanded and y stands for the price per unit. 
The foregoing equation may be put in the form 


Integrating, he obtains 
log, y=a log, x+6x+log, A. 
Or, passing from logarithms to absolute numbers, 
y=Axre®* . (ii) 
Equation (i) was reached on the assumption that the reciprocal of the elas- 
ticity of demand is a linear function of x. Making the-hypothesis a little more 
complex by assuming that 


d a 
mat prtye (ii) 


Professor Moore derives the équation 

y= Anrhtti (iv) 
which is his “typical equation to the law of demand in a slightly more complex 
form.” 

The great advantage of the “typical equation” is that it enables us imme- 
diately to write down the equation descriptive of the coefficient of elasticity of 
demand (or of its reciprocal), for (i) appears in the exponent of (ii), and (iii) 
appears in the exponent of (iv). 

The general forms (ii) or (iv), Professor Moore shows, also hold when the 
equations are desired in the ratio form. Thus (ii) may be written 


V=A'xP% . (v) 
When the mean values of X and Y are, practically, 1.0, the value of A’ is 
e~® and consequently (v) becomes 


y=xr*P%- , (vi) 
This is equation B, Figure 11. 


THE LAW DERIVED FROM UNADJUSTED DATA 57 


make it worth our while to experiment much with other 
equations. 


Equations To the Demand Curves: 
———s A, Y=-h3424X # 2543 
——-AL X=04509Y + 1457 
——N, Y=-/9782X +2979 
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Fic. 11—Scatter diagram of the trend ratios of the total consumption of 
sugar in the United States and the corresponding trend ratios of the wholesale 
money prices of sugar, and five fitted curves. 


It is evident from the scatter diagram (Fig. 11) and from 
the usual tests for linearity of regression that the regression be- 
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fore us is quite linear. We take it, therefore, that the “best” de- 
mand curve within the limits of observation is given by the 
“normal line” J, or the “line of best fit.” For comparative pur- 
poses, however, there are also graphed the straight lines A and 
A’ and Moore’s typical demand curves B and B’. The unac- 
cented letters A and B are used to designate the curves giving 
the regression of Y on X, the accented letters A’ and B’ are used 
to designate curves giving the regression of X on Y. 

It is also clear that if we were compelled to follow the usual 
practice of arbitrarily selecting either consumption or prices as 
the independent variable, we should have gotten better results 
by selecting the latter, for the curves A’ and B’ lie much closer 
to the “line of best fit”” WV than do the curves A and B. 

Furthermore, it will be seen that in the problem before us 
nothing is gained through the use of the more complicated curve 
B or B’ so long as one of the variables is considered to be free 
from errors of observation, and that when both variables are 
treated as being affected by errors, the straight line N gives as 
good a fit as can be expected.”* (See also Fig. 12.) Of course, it 
might be argued that if the “typical equation” were also fitted 
on the assumption that both X and Y are subject to error, we 
should obtain a curve which is superior to the straight line NV for 
purposes of extrapolation. Without stopping to consider the 

**TIn comparing the straight lines with the other curves of Figure 11, allow- 
ance must be made for the fact that the former were fitted to the absolute values 
of the trend ratios, while the latter were fitted to the logarithms of these values, 
without making any allowance for the difference in weighting thus introduced. 
The same curve may sometimes give widely different results, depending upon 
whether it was fitted by minimizing the sum of the squares of the absolute 
figures or of their logarithms. 

By properly weighting the logarithms of the trend ratios it is possible to fit 
the curves B and B’ so as to make the sum of the squares of the absolute figures 
a minimum. At the time of fitting, however, we believed (perhaps erroneously) 
that the extra labor involved would not be worth while. 

Perhaps it is also worth while to mention in this connection that the method 
of fitting which takes the errors in both variables into consideration can be ap- 


plied not only to the straight line but to all curves which are reducible to linear 
form by logarithmic or other transformation. 
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mathematical difficulties which must be overcome if the newer 
method of curve-fitting is to be applied to the more complicated 
functions, we may reply that to extend amy empirical demand 


L£quotion Jo the Demand Curve: 
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Fic. 12—The “best” law of demand for sugar derived from the trend ratios 
of total consumption and the trend ratios of money prices. 
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curve much beyond the range of observation is not a safe pro- 
cedure, as is evident from curve B’ (Fig. 11), and that in most 
practical problems the extreme ends of the demand curve are of 
no importance anyway.” We therefore conclude that the “best” 
demand curve that may be derived from the data before us is 
the straight line 1. 


3. THE LAW OF DEMAND IN TERMS OF TREND RATIOS 

The equation to our demand curve is 

Y=—1.9782 X+2.9786 (7) 
the origin being at 0,o. This means that, based upon the experi- 
ence from 1890 to 1914, an increase of one point (or, roughly, 1 
per cent) in the (trend) ratio of consumption is correlated with 
a drop of 1.98 points in the (trend) ratio of the price, or that an 
increase of one point in the price ratio is associated with a de- 
crease of only 1/1.9782=0.51 of a point in the consumption 
ratio. 

By means of this equation it is possible to estimate the prob- 
able change in the price corresponding to a given change in con- 
sumption, or the probable change in consumption corresponding 
to a given change in price. In 1914, the consumption of sugar 
in the United States amounted to 4,212,000 short tons. What 
was the probable price of sugar in the same year? The “normal” 
consumption or the “trend” of consumption in 1914 was 4,231,- 
ooo tons. (See Table II of Appendix II.) The consumption ra- 
tio was, therefore, 4,212,000--4,231,000=0.996. Substituting 
this value for X in equation (7) and solving for Y we find that 
Y=xz.0009, or the probable price would be 1.009 of the “normal” 
or “trend” price. Since the trend price for 1914 was 4,493 cents 
(see Table II of Appendix IT), this value of Y would give 4.533 
as the probable price for 1914. The corresponding probable 
price obtained by the method of link relatives was, it will be re- 
called, 4.536 cents. The very close agreement between these two 

*° See Marshall, Principles of Economics (8th edition), p. 133 and note. 
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estimates is, of course, accidental. In like manner this equation 
can be used for estimating changes in consumption from given 
changes in price. 


4. THE LAW OF DEMAND IN TERMS OF ABSOLUTE QUANTITIES 


. 


Equation (7) gives the most probable relation which existed 
between the consumption ratios and the price ratios of sugar 
during the interval 1890-1914. It is the law of demand for 
sugar in the ratio form. Professor Moore has shown,”* however, 
that a simple transformation makes it possible to take the next 
step—the derivation of the law of demand for any one year in 
terms of absolute quantities. By definition, X=x/Ts and Y= 
y/Ty. By making these substitutions in (7) the law of demand 
for sugar in the absolute form becomes 


y=—1.9782 (Ty/Tx)x+2.9786 Ty (8) 
which may also be written 
= —0.5055(T/Ty)y+1.5057 Ts « (8a) 


If, for example, it is desired to ascertain the law of de- 
mand for sugar in 1914 in a form convenient for estimating 
prices from consumption, all that we have to do is to find the 
trend of consumption for 1914, Tz, and the trend of prices for 
1914, Ty, and substitute these values in (7). The values of T» 
and Ty for any one year between 1890 and 1914 are given in 
Table II of Appendix II. Substituting the values of Ts and Ty 
for 1914 in (7) we obtain 


Y= —0.000,002, 101 X+ 13.383 . 


That is to say, a change of 100,000 tons in consumption would, 
in 1914, have been associated with an inverse change ‘in price of 
0.21 of one cent. The corresponding figure derived by the meth- 
od of link relatives (see equation [5]) is 0.19 of one cent. The 
present estimate is, however, more reliable, since the two series 


* H. L. Moore, of. cit., p. 16. 
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of trend ratios are more highly correlated than are the corre- 
sponding series of link relatives. 
If, on the other hand, we should desire to write the same 
equation in a form more convenient for estimating consumption 
from price, all that we would have to do is to substitute the 
values Tz and Ty in (8a) instead of in (8), which, for me 
becomes 
x= — 476,000 y+-6,371,000 . 

The corresponding equations for 1904 and 1894 are 
X= — 310,000 y-+4,500,000 

and L= — 229,000 y-+- 3,157,000 


respectively. That is to say, a rise or fall in the price of sugar of 
one cent per pound would have decreased or increased consump- 
tion by 229,000 tons in 1894, by 310,000 tons in 1904, and by 
476,000 tons in 1914. These estimates are to be preferred to 
those obtained by the method of link relatives and given on 
page 42, since the trend ratios on which they are based are more 
highly correlated than are the corresponding link relatives. For 
the same reason it is also fair to assume that the foregoing equa- 
tions provide a better measure of the shifting of the demand 
curve from year to year than is provided by the corresponding 
equations derived by the method of link relatives (see p. 42). 


5. COEFFICIENT OF THE ELASTICITY OF DEMAND 


After the law of demand has been ascertained in one form or 
another—absolute quantities, link relatives, or trend ratios—it 
is a simple matter to find the coefficient of the elasticity of de- 
mand at any point on the demand curve. When the law of de- 
mand is given in terms of absolute quantities, then, by definition, 


Lee apes , where x and y are absolute (observed) consumption 
x 
and prices, respectively. We have proven on page 45 that when 


the law of demand is given in terms of link relatives, y= = z e 
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where X and FY are the link relatives of consumption and prices, 
respectively. It can also be shown™ that the same form holds 
when the law of demand is given in the trend-ratio form, i.e., 
when X= a and Y==. Applying this formula to the equa- 
x 2) 

tions of the demand curves of Figure 11, and recalling that the 
equations to curves B and B’ are particular forms of Professor 
Moore’s “typical equation to the law of demand” which enable 
us immediately to write down the equation descriptive of the co- 
efficient of elasticity of demand (see note 20, p. 56), we obtain 


ta =—(1/1.3424)V/X 

Nar = —0.4509 V/X 

ny = —(1/1.9782) Y/X (9) 
1/(0.91066—2. 24361 X) 

Nsr= 1.8491—2,.28721 V 


ll 


= 
b&b 
| 


where the subscripts A,A’,etc., denote the demand curves from 
which these equations are derived. In Figure 13 these equations 
are graphed for a considerable range of values of X. 

It will be seen that there is a considerable discrepancy be- 
tween the results: (1) when different curves are used for the 
demand curve, and (2) when the assumption is made that either 
X or Y is free from error. This discrepancy, however, does not 
invalidate the method. It simply shows “the need of care in 
drawing conclusions that are based upon the numerical values of 
the coefficient of elasticity.” In the words of Professor Moore, 

When different measures of degrees of elasticity are afforded by dif- 
ferent types of curves, there is a perfectly satisfactory criterion which 
makes it possible to decide between different coefficients of elasticity: 
The coefficient is to be preferred which is deduced from the demand curve 
that fits the data with the highest degree of probability. The demand 


curve that fits best the data affords the best measure of the degree of 
elasticity of demand.?° 


** Moore, op. cit., p. 10. * Moore, Economic Cycles, p. 84. 
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We have seen that the demand curve that fits the data with 
the highest degree of probability is the line V (Figs. 11 and 12). 
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Fic. 13.—Elasticity of demand for sugar derived from the five demand 
curves of Figure 11. 


We conclude, therefore, that the curve 7, (Fig. 13) affords the 
best measure of the degree of elasticity of demand, for it is de- 
duced from the equation to the line NV. From this curve it is 
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clear that the elasticity of demand is higher for low consumption 
(or high prices) than it is for high consumption (or low prices). 
For example, when X=1, that is to say, when the consumption 
of sugar in any year is “normal,” or is equal to that indicated by 
the trend for the same year, then 7=— 0.51, or a reduction in the 
price of 1 per cent will increase consumption by 0.51 of one per 
cent. When X=1.1, that is to say, when the consumption for 
any year is already 10 per cent above “normal” or above that 
indicated by the trend for the same year, then 7=—0.37, or a 
reduction of 1 per cent in the price will increase consumption by 
only 0.37 of per cent. When X=0.9, that is to say, when con- 
sumption for any year is ro per cent below “normal” or below 
that indicated by the trend for the same year, then »=— 0.67, 
or a reduction of 1 per cent in price will increase consumption 
by 0.67 of one per cent. 


6. COMPARISON WITH THE METHOD OF LINK RELATIVES 


These figures naturally invite a comparison with the results 
obtained by the method of link relatives (see pp. 45-46). But 
before we can draw any conclusions from differences between 
coefficients of elasticity of demand, we must be sure that the co- 
efficients relate to comparable points on the demand curve under 
consideration. That is to say, considering that the two methods 
have different interpretations, we must find the unit of link rela- 
tive which corresponds to a given unit of trend ratio. 

A comparison of Figure 12 or Figure 11 with Figure 5 sug- 
gests that the most comparable points on the two demand curves 
are the ones whose co-ordinates are given by the arithmetic 
means of the variables under consideration. We also know that 
deviations from these points will be comparable (assuming that 
they are measured in the same direction from the mean) if ac- 
count is taken of the difference between the standard deviations 
of the series under comparison. The mean of the (total con- 
sumption) trend ratios is 1.0, and the mean of the (total con- 
sumption) link relatives is 1.0415. That is to say, a “normal”’ 
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consumption in terms of link relatives is one which exceeds the 
consumption for the previous year by 4.15 per cent.”* The 
standard deviation of the (consumption) trend ratios is 0.0458 
and the corresponding figure for link relatives is 0.0620. 
The two standard deviations are in the ratio of 1.0 to 1.3734, 
which means that a deviation of -+ 1.0 unit from the mean of the 
trend ratios corresponds to a deviation of + 1.3734 units from 
the mean of the link relatives. It follows, therefore, that (con- 
sumption) trend ratios of 0.9, 1.0, and 1.1 correspond to link 
relatives of 0.9042, 1.0415, and 1.1788, respectively. When the 
coefficient of elasticity of demand is computed for comparable 
points on the two demand curves, the results obtained by the 
method of link relatives do not differ materially from those ob- 
tained by the method of trend ratios. Thus, for the three trend 
ratios given above, the coefficients of the elasticity of demand 
are —0.67, —o.51, and —o.37, respectively; for the correspond- 
ing link relatives the coefficients are —o.72, —o.52, and —o0.34 
respectively. 

Our conclusions regarding the elasticity of demand for sugar 
may, then, be summarized as follows: When the consumption 
for any year is “normal,” that is to say, when it is equal to that 
indicated by the trend of consumption for the same year, or 
when it exceeds the consumption for the year immediately pre- 
ceding by 4 per cent, then 7=—0.5, or a decrease in price of 
I per cent will increase consumption by 0.5 of 1 per cent. The 
elasticity of demand under other conditions of consumption 
may be read off from the graph of y, in Figure 13. 
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“In general, however, the arithmetic mean of the link relatives is not a 
good measure of the average annual increase. 
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abstract see Bull. Amer. Math. Soc., XXXIV, March—April, 
1928, p. 140. 

Adcock, Reed, Gini, and Pietra confine their treatment to 
the straight line, although Pietra also promises to determine the 
parameters of the ordinary parabola by this method in a forth- 
coming paper; all the other writers also treat of the fitting of the 
linear equation in three or more variables, and Kummell also at- 
tacks the problem of fitting any curve, though without success. 

Adcock was the first to suggest that the criterion of “best 
fit” be that which minimizes the sum of the squares of the nor- 
mals. 

Kummell argues that it is even better to minimize the weight- 


ed sum, pi(6x;)? + gi(Sy,)?, Where 8x: and 84; are the re- 


spective corrections in x: and yi, and p: and qi are the weights of 
x; and yi which enter the same observation equation. He shows 
that the problem does not admit of a solution “unless we make a 
certain assumption with regard to the weights of the observed 
quantities.” He therefore assumes “that the precisions of « and 
y which enter the same observation equation . . . . have acon- 
stant ratio.” From this, however, it does not follow that they 
have equal weight, for, as he points out, “if the weight be defined 
as the reciprocal square of the probable error, it is clear that the 
unit in which a quantity is expressed makes a great difference in 
the weight to be assigned.” 
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Kummell’s paper, which appears to be unknown to all later 
writers except Merriman, who refers to it, contains practically 
all the results reached by them. His formulas, however, are not 
so convenient to apply as are some of those developed by the 
later writers. Uhler’s paper on the straight line is to be particu- 
larly recommended for its full statement of the problem. 

Roos and Oppenheim start out with the general assumption 
that “inasmuch as the problem of curve-fitting appears to be in- 
dependent of the choice of co-ordinate system, . . . . the ex- 
pression to be minimized should be invariant for translation, 
homogeneous strain and for rotation,” and show that these con- 
ditions are sufficient to determine the parameters of the straight 
line and the plane. Their method, however, does not tell us the 
signs which must be attached to the direction cosines of the 
plane. This is a serious limitation in practical work. 

Pearson approaches the fitting of the linear equation in three 
variables from the geometrical standpoint. He assumes that a 
good fit (even if not the best fit) would be obtained by minimiz- 
ing the sum of the squares of the (perpendicular) distances of 
the observed points from the plane. 

Uhler, in his 1925 paper (Phil. Mag., June, 1925), extends 
the Pearsonian method to the fitting of a plane in four-dimen- 
sional space. 

Glauert considers the slightly different problem in which the 
variables involved fall into two classes, one subject to errors of 
observation and the other known accurately, and develops equa- 
tions similar to those of Pearson. 

Whipple points out that there is an assumption in Glauert’s 
(and also in Uhler’s) method which is “really an instruction to 
choose the'units of the several variables so that the probable er- 
rors will have the same numerical value”; he therefore develops 
another criterion of the “best” linear relation, considering only 
the case of three variables. It is he who introduced the term 
“line of mutual regression.” 

Rhodes briefly reviews Pearson’s and Glauert’s papers and 
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points out that “both these writers assume that the precision of 
the errors involved in the measurements of the different varia- 
bles is the same.” He therefore considers the problem without 
this assumption, which would apply to only a very restricted 
field. Rhodes shows, as Kummell did in 1879 (whose paper, 
however, is unknown to him), that the general solution of this 
problem involves two sets of unknown quantities: (1) the stand- 
ards of measurement involved in measuring the several variables 
(wi) and (2) the standard deviations of the errors involved in 
measuring the same variables (ci); and that the problem does 
not admit of a solution unless some assumption is made regard- 
ing these unknowns. If we consider all the w’s to be equal, 
Rhodes’ equations reduce to the equations obtained by Pearson 
for minimizing normal distances. 

Regarding the line which minimizes the sum of the squares 
of the normals, Professor E. J. Moulton, of Northwestern Uni- 
versity, writes in a letter to the author dated January 21, 1926: 

“On comparing the problem with certain problems in me- 
chanics, it develops that the solution is essentially at hand in 
the writings of L. Euler (1765), “Theoria motus corporum soli- 
dorum seu rigidorum,” and of J. P. M. Binet (1813), Journal 
Ecole Polytechnique, XVI, p. 47, and in most treatises on me- 
chanics since those days.” 

The reader who is interested in methods other than the meth- 
od of least squares is also referred to the following papers: 

Francis Y. Edgeworth, ““A New Method of Reducing Ob- 
servations Relating to Several Quantities,” Philosophical Maga- 
zine, 5th series, XXIV (August, 1887), 222; ibid., XXV (March, 
1888), 184. “The Use of Medians for Reducing Observations,” 
ibid., 6th series, XLVI (December, 1923), 1074. H. H. Turner, 
“On Mr. Edgeworth’s Method of Reducing Observations Relat- 
ing to Several Quantities,” ibid., 5th series, XXIV (December, 
1887), 466. Norman Campbell, “The Adjustment of Observa- 
tions,” ibid., 6th series (February, 1920), 177; (May, 1924), 
816. 


CHAPTER III 


THE LAW OF DEMAND FOR SUGAR DERIVED FROM 
ADJUSTED DATA 


I. THE METHOD OF LINK RELATIVES APPLIED TO THE 
ADJUSTED DATA 


In the preceding chapter we have derived the law of de- 
mand for sugar from unadjusted data, i.e., from prices which 
have not been deflated by an index number of prices and from 
consumption which has not been reduced to a per capita basis. 
We have employed two separate methods—the method of link 
relatives and the method of trend ratios—and have shown that 
although both methods yield good results, the latter is superior 
to the former in the problem before us. The same methods may, 
however, also be applied to per capita consumption and real 
prices. Would the use of these adjusted series yield still better 
results? The first part of this chapter will contain an answer to 
this question in so far as it applies to the method of link rela- 
tives. The second part will deal with the method of trend ratios. 
As most of the problems which arise in the application of these 
methods have already been discussed, they will be touched upon 
only slightly in the following pages. 

In Table I A of Appendix II, there are recorded, for the 
period of 1890-1914, the annual per capita consumption of 
sugar, the corresponding real prices, the link relatives of per 
capita consumption, and the link relatives of the real prices. 
The coefficient of correlation between the two series of link rela- 
tives is r==—0.67-+0.08. The corresponding coefficient of corre- 
lation derived from the unadjusted data is’ r—=—o0.68-+0.07. 
In the problem before us, then, there is no advantage to be 
derived from the use of adjusted data. It is desirable, how- 

* Cf. p.35: 

Fit 
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ever, to complete the computations and derive the law of de- 
mand for sugar from per capita consumption and real prices as 
we have derived it from total consumption and money prices. 

A graphic representation of the negative correlation existing 
between the two series of link relatives is to be found in Figure 
14.2. The scatter diagram of the link relatives is shown in 
Figure 15. (Compare Fig. 14 with Fig. 4 and Fig. 15 with 
Fig. 5.) 
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Fic. 14—Inverse correlation between the link relatives of the per capita 
consumption of sugar in the United States and the link relatives of the real 
wholesale prices of sugar. 


I, THE LAW OF DEMAND IN TERMS OF LINK RELATIVES 
In Figure 15 there are also shown the two lines of regression, 


A and A’, and the “line of best fit,” NV. The equation to the 
latter is 


Y=—2.0817 X+3.113 (10) 


the origin being at 0,0. This equation tells us that, based upon 
the experience from 1890 to 1914 inclusive, an increase or de- 
* All data relating to per capita consumption and real prices are represented 


by rings © to distinguish them from the data relating to total consumption and 
money prices, which are represented by closed circles @. 
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crease of one point (or, roughly, 1 per cent) in the link relative 
of per capita consumption is, on the average, associated with a 


Eguolions lo The Demand Curves: 
Y=-L/I090X+ 2.119 
, X=-03995 VY + hF/6 
“No Y=-2.08/7X #3//3 
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Fic. 15.—Scatter diagram of the link relatives of the per capita consumption 
of sugar and the corresponding link relatives of the real wholesale prices of sugar, 
with the lines of regression (A and A’) and the “ine of best fit” (IV). 


fall or rise of 2.08 points in the link relative of the real price. 
Another way of saying the same thing is that a change of one 
point in the link relative of the real price is, on the average, asso- 
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ciated with an inverse change of 1/2.0817=0.48 of one point in 
the link relative of per capita consumption. 

This equation enables us to estimate the probable change in 
the real price corresponding to a given change in the per capita 
consumption, or the probable change in the per capita consump- 
tion corresponding to a given change in the real price. In 1913 
the per capita consumption of sugar in the United States was 
85.4 pounds. In 1914 the consumption was 84.3 pounds. What 
was the probable real price of sugar in 1914? The change in the 
per capita consumption as measured by the link relative was 
84.3/85.4=0.987 (see Table I A of Appendix IT). Substituting 
this value for X in equation (10) and solving for Y, we find that 
the probable real price would be 1.058 of the real price for the 
preceding year. Since the real price for 1913 was 3.730 cents, 
this value of Y would give 3.947 cents as the probable real price 
for 1914. The observed real price was 4.166 cents—a difference 
of 5 per cent. In like manner we can estimate the probable 
change in consumption corresponding to a given change in price. 


2. THE LAW OF DEMAND IN TERMS OF ABSOLUTE QUANTITIES 
Equation (10) is the law of demand for sugar in terms of 
the link relatives of the per capita consumption and the link 
relatives of the real prices. As in the case of equation (4), how- 
ever, a simple transformation makes it possible to derive the law 
of demand for any one year in terms of absolute per capita con- 


sumption and real prices. By definition, xo and Y= i ; 


where x, and yp are respectively the per capita consumption and 
the real prices in the preceding or base year. By making these 
substitutions in (10), the law of demand in the absolute form 
becomes 


y=—2.0817 (Yo/%)e+3.113% (11) 
which may also be written 


X= —0. 4804 (0/0) VI. 495% - (tra) 
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These equations are equivalent to (5) and (5a) respectively, 
and are to be used in the same way. 

As an example, suppose that it is desired to have the law 
of demand for sugar in 1914 in a form convenient for estimating 
price from per capita consumption. From Table I A of Appen- 
dix II, we find that the per capita consumption (x,) and the real 
price (yo) for the previous year, or 1913, were 85.4 and 3.730, 
respectively. Substituting these values of x) and yo in (11), we 
obtain 

y=—0.09092 *+ 11.611 


as the law of demand for sugar in 1914. This equation gives the 
probable real price corresponding to any given per capita con- 
sumption in that year. The observed per capita consumption in 
1914 was 84.3 pounds. What was the probable real price? Sub- 
stituting this value for x in the foregoing equation, we obtain 
3.947 cents as the probable real price in 1914. The observed 
real price was 4.166 cents—a difference of 5 per cent. 

Suppose now that it is desired to have the law of demand for 
1914 in a form more convenient for estimating per capita con- 
sumption from real prices. Substituting the values given above 
for x) and yo in (11a), we obtain 


x%=—10.999 y-+127.67 


as the desired equation. By way of comparison we give the cor- 
responding equations for 1904 and 1894. These are 


x=—7.242 y+106.00 
and xL=—5.641 y+ 96.28 


respectively. That is to say, a rise or fall in the real price of 
sugar of one cent per pound would have decreased or increased 
the per capita consumption by 5.6 pounds in 1894, by 7.2 pounds 
in 1904, and by 11.0 pounds in 1914. Corresponding equations 
may, of course, be derived for all the other years between 1890 
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and 1914. Such equations provide a quantitative measure of a 
phenomenon in which economists are greatly interested—the de- 
gree to which the “demand schedule” changes from year to year. 
In the second part of this chapter, however, a more satisfactory 
method of determining these equations will be presented. 


3. COEFFICIENT OF THE ELASTICITY OF DEMAND 


From equation (10), the coefficient of the elasticity of de- 
mand is 


SAN Gh Vi ee al eg Ad (a2) 
Wa hap ae 2.0817. X__ Re Gs A 


When X=1, that is to say, when there is no change in the per 
capita consumption between any two consecutive years, then 
n=—0.4804 (1.0313 )==—0.50, or a reduction in price of 1 per 
cent will increase consumption by o.50 of 1 per cent. But 
the “normal” condition of per capita consumption during the 
period 1890-1914 was characterized by an average annual in- 
crease of about 2 per cent. (The means of the link relatives are 
X =1.0215, Y=o0.9864.) | When the per capita consumption for 
any year is “normal,” that is to say, when it exceeds the con- 
sumption for the previous year by 2 per cent, then 7»=— 0.46, or 
a decrease in price of 1 per cent will increase consumption by 
0.46 of r per cent. Had we arbitrarily selected line A or line A’ 
for our law of demand, we should have obtained as the corre- 
sponding value for 7 either —o0.87 or —o.39, respectively. 


II. THE METHOD OF TREND RATIOS APPLIED TO THE 
ADJUSTED DATA 


In Figure 16 there is graphed, for the period of 1890-1914, 
the observed trend of the per capita consumption of sugar. In 
for our law of demand, we should have obtained as the corre- 
sponding real prices. With each observed trend there are also 
shown four fitted trends—a straight line, a quadratic, a cubic, 


THE LAW DERIVED FROM ADJUSTED DATA 77 


80 


cS) 


Pounds Fer Copita 
$ 


Equolions to The Trends: 
I-----Sirajpht Line 7x = 71224 + L094 
2——Quadratic § % =70324+hos40t +.0/729 C* 


g 


3—Cibic R=70524 112952 t +.0/729.t7 -.002/46 t® 
4—-—Qvorlic %=683/0412952C +./46/5 ¢? -.002 146 t* 000962077 
40 (Origin vuly,1902) 
1830 1895 4900 1905 1910 19) 


Fic. 16.—Per capita consumption of sugar in the United States, 1890-1914, 
and four fitted trends. 
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Fic. 17.—Real prices of refined sugar at New York, 1890-1914, and four 
fitted trends. 
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and a quartic.* It is interesting to observe that while the per 
capita consumption of sugar increased from 52.8 pounds in 1890 
to 84.3 pounds in 1914, the real price declined from 6.643 cents 
to 4.166 cents during the same period. 


I. POSSIBLE OBJECTIONS 


In view of the inverse secular movements of per capita con- 
sumption and real prices, it may be asked, “‘Why have recourse 
to trend ratios at all? Is not the decline in the real price of sugar 
the cause of the increase of the per capita consumption? Why 
not correlate the figures as they stand?” Indeed, the degree of 
correlation between the observed per capita consumption and 
observed real prices is higher than that found between any of 
the series of trend ratios or link relatives hitherto observed, r 
being —o.90-+0.03. The position taken in this study, how- 
ever, is that the existence of a trend in any series—per capita 
consumption or total consumption, real prices or money prices 
—ought to make us suspect the existence of disturbing factors 
which might produce a spurious correlation. (One obvious fac- 
tor which may cause a spurious correlation is the growing taste 
for sugar.) The upward trend of the per capita consumption of 
sugar during the period under consideration may have been 
caused by the downward trend of the real prices. It is safer to 
assume, however, that there is no bona fide, organic relation be- 
tween the trends. For if it is reasonable to expect a bona fide 
relation between the two trends, it is also reasonable to expect 
that the elasticity of demand derived from these series would be 
of the same order of magnitude as those obtained by the three 
methods described above—say, —o.5. But a computation shows 
that the observed per capita consumption and the observed real 
prices (both variables uncorrected for trend) are connected by 
the equation. 

y= —0.07336 x+10. 2820 (13) 
°In the equations to these trends, x=observed per capita consumption in 
pounds; y=observed real price in cents (B.L.S. index for 1900-1909—1.00) ; 


Tx=per capita consumption computed from trend; Ty=real price computed 
from trend; t=time in years, the origin being at July 1, 1902. 
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where x = per capita consumption in pounds, and y = real 
prices in cents, the origin being at 0,o. According to this equa- 
tion, the coefficient of the elasticity of demand at the mean of 
the variables (#=71.224, Y=5.057) is y>=—0.97. That is to 
say, the elasticity of demand derived from the series under con- 
sideration is 100 per cent greater than any of those derived thus 
far. We conclude, therefore, that the trends must be eliminated, 
as their retention introduces an element of spurious correlation. 


Equetion To the Trend: 
Th = 703524 +h295,20 40/729 C* 002/46 C* 
(Origin July 1, 1902) 
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Fic. 18—The “best” trend of the per capita consumption of sugar in the 
United States, 1890-1914. 


In other words, the use of per capita consumption and real 
prices does not, in the problem at hand, do away with the neces- 
sity of having recourse to the method of trend ratios or to a 
similar method. 
2. THE SELECTION OF A SUITABLE TREND 

In selecting a suitable trend for each of our adjusted series 
(see Figs. 16 and 17), we are in a position to benefit from our 
experiments with the trends of the unadjusted series.* Accord- 
ingly, we select, by inspection, the third-degree parabolas as giv- 
ing the “best” compromises between smoothness and goodness 
of fit. Figure 18 shows the “best” trend of per capita consump- 

“See pp. 47-54 and Figs. 6-9. 
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tion, and Figure 19 shows the “best” trend of real prices, for the 
period under consideration. 

In Table II A of Appendix II, there are recorded the ob- 
served per capita consumption and the observed real prices of 
sugar; the “normal” per capita consumption and the “normal” 
real price as computed from the most satisfactory trends; and 
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Fic. 19 —The “best” trend of the real wholesale prices of refined sugar at 
New York, 1890-1914. 


the consumption ratios (X) and the price ratios (Y). The co- 
efficient of correlation between the two series of trend ratios is 
r——o.80-+0.05. A graphic presentation of the inverse move- 
ment of the trend ratios is given by Figure 20. As the correlation 
between the corresponding trend ratios of total consumption and 
money prices is, as we have seen, just as high (r=—o.78-+ 
0.05), we conclude that, in the problem before us, no signifi- 
cantly more accurate law of demand for sugar may be derived 
from per capita consumption and real prices than that which we 
have derived from total consumption and money prices. (Com- 
pare Fig. 20 with Fig. 10.) In view, however, of our previous 
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remarks’ concerning the importance of eliminating the trend 
even when we use adjusted data, it is desirable to proceed with 
the computations and derive the demand curve and the elas- 
ticity of demand from the trend ratios of the adjusted data. 
The results of the computations are exhibited in Figures 21, 
ods « 

3. COMPARISON OF SEVERAL TYPES OF DEMAND CURVES 


In Figure 21 there are shown the results obtained by fitting a 
straight line and two forms of Moore’s “typical equation to the 
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Fic. 20.—Inverse correlation between the trend ratios of the per capita con- 
sumption of sugar in the United States and the trend ratios of the real wholesale 
prices. 


law of demand” to our data: (1) when it is assumed that Y 
alone is subject to error (curves A, B, C), and (2) when it is 
assumed that X alone is subject to error (curves A’, B’, C’). 
For comparative purposes there is also shown the straight line 
(line NV) obtained by assuming that both variables are subject 
to error. 

A study of the curves of Figure 21 suggests the following 
conclusions: 


° Cf. pp. 78-79. 
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Fic. 21.—Scatter diagram of the trend ratios of the per capita consumption 
of sugar in the United States and the corresponding trend ratios of the real 
wholesale prices of sugar, and seven fitted curves. 
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1) When the regression is practically linear, as in the prob- 
lem at hand, the use of more or less complex equations to repre- 
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Fic. 22.—The “best” law of demand for sugar derived from the trend ratios 
of per capita consumption and the trend ratios of real prices. 
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sent the law of demand may give impossible results.° (See 
curve C, Fig. 21, and curves 7, and 7,,, Fig. 23.) 

2) The effect of assuming that only one of the variables 
is subject to error may be not only to modify the slope of the 
demand curve, as in the case of A and A’, but also to change the 
direction of its concavity, as in the case of B and B’. (Curve B 
is concave upward, while curve B’ is concave downward.) j 

3) The “best” demand curve is given by the “line of best 
fit” (line V) which was fitted on the assumption that both series 
of trend ratios are affected by errors. It is shown separately in 
Figure 22. 


4. THE LAW OF DEMAND IN TERMS OF TREND RATIOS 


The equation to our demand curve (line 1) is: 
V=—2.1356 X+3.136 (14) 


the origin being at 0,0. This equation tells us that, based on 
the experience of 1890-1914, an increase of one point (or, 
roughly, 1 per cent) in the trend ratio of per capita consumption 
is, on the average, associated with a decrease of 2.14 points in 
the trend ratio of the real price, or that an increase of one point 
in the price ratio is, on the average, associated with a decrease of 
1/2.1356=0.47 of one point in the consumption ratio. The cor- 


°In comparing the straight lines with the other curves of Figure 21, allow- 
ance must, however, be made for the fact that the former were fitted to the 
absolute values of the trend ratios, while the latter were fitted to the logarithms 
of these values, without making any allowance for the difference in weighting 
thus introduced. The same curve may sometimes give widely different results 
depending upon whether it was fitted by minimizing the sum of the squares of 
the absolute figures or of their logarithms. 

By properly weighting the logarithms of the trend ratios it is possible to fit 
the curves B and B’ and C and C’ so as to make the sum of the squares of the ab- 
solute figures a minimum. At the time of fitting, however, we believed (perhaps 
erroneously) that the extra labor involved would not be worth while. 

Perhaps it is also worth while to mention in this connection that the method 
of fitting which takes the errors in both variables into consideration can be ap- 
plied not only to the straight line but to all curves which are reducible to linear 
form by logarithmic or other transformation. 
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responding figures derived from the trend ratios of total con- 
sumption and money prices are 1.98 and 0.51 points respectively. 

This equation enables us to obtain a better estimate of the 
probable real price from a given per capita consumption than 
that provided by equation (10), for the reason that the trend 
ratios are more highly correlated than the corresponding link 
relatives. This equation corresponds to equation (7), which 
gives the relation between the trend ratios of money prices and 
total consumption, and is to be used in the same way. For ex- 
ample, suppose that it is desired to find the probable real price of 
sugar.in 1914. Referring to Table II A of Appendix II, we see 
that the ratio of the observed per capita consumption for 1914 
to the trend of per capita consumption for the same year was 
0.996. Substituting this value for X in (14) we find that Y= 
1.009, or the probable price would be 1.009 of the “normal” or 
“trend” price. Since the trend price for 1914 was 4.086 cents, 
this value of Y would give 4.123 cents as the probable real price 
for 1914. The observed real price was 4.166 cents, which dif- 
fers from the probable price by 1 per cent. The corresponding 
probable price obtained by the method of link relatives, it will 
be recalled, was 3.947 cents. In like manner we can estimate the 
probable change in per capita consumption corresponding to a 
given change in the real price. 


5. THE LAW OF DEMAND IN TERMS OF ABSOLUTE QUANTITIES 


Equation (14) gives the law of demand in the ratio form. 
That is to say, X=x/Ts and Y=y/Ty where x=observed per 
capita consumption; y=observed real prices; Ts=trend of 
per capita consumption; and T,=trend of real prices. It was 
shown elsewhere,’ however, that a simple transformation makes 
it possible to derive the law of demand for any one year in terms 
of absolute quantities. All that we have to do is to substitute for 
X and Y in (14) their values as given above. We obtain 


y= —2.1356 (T,/Tx)«+3.136Ty (15) 
MCE p: 615 
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or, with y as the independent variable, 
x=—0.4683 (Tx/Ty)y+1. 4687; . (15a) 


(Compare [15] and [15a] with [8] and [8a], respectively.) 
In order, therefore, to ascertain the law of demand for any 
given year, it is necessary to find the values of T» and Ty for 
that year and to substitute these values in (15) or (15a). 
(These values are given in Table II A of Appendix II.) The 
former equation is more convenient for estimating prices from 
consumption; the latter is more convenient for estimating con- 
sumption from price. These equations are equivalent to (8) 
and (8a) and are to be used in the same way. 

Suppose, for example, that it is desired to have the law of 
demand for 1914 in a form convenient for estimating price from 
per capita consumption. From Table II A of Appendix II we 
find that Tz and Ty for 1914 amounted to 84.6 and 4.086, re- 
spectively. Substituting these values of Tc and Ty in (15), we 
obtain 


y=—0.1031 «+12.814 


as the law of demand for sugar in 1914. This equation gives 
the probable real price corresponding to any given per capita 
consumption in that year. The actual per capita consumption 
in 1914 amounted to 84.3 pounds. Substituting this value for 
x in the foregoing equation and solving for y, we obtain 
y==4.123, or the probable real price in 1914 was 4.123 cents. 
The observed real price was 4.166—a difference of 1 per cent. 
Such a close agreement between the probable price and the ob- 
served price is, of course, accidental. Similar equations may be 
obtained for all other years between 1890 and 1914. 

Suppose now that it is desired to have the law of demand 
for 1914 in a form more convenient for estimating consumption 
from price. Substituting the values given above for Tz and Ty 
in (15a), we obtain 


x=— 9.696 y+124.22 
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as the desired equation. The corresponding equations for 1904 
and 1894 are 


x= —6.843 y+107.19 
and x=—5.160 y+ o1.33 


respectively. In other words, a rise or fall in the real price of 
sugar of one cent per pound would have decreased or increased 
consumption by 5.2 pounds in 1894, by 6.8 pounds in 1904, and 
by 9.7 pounds in 1914. The corresponding figures obtained by 
the method of link relatives (see p. 75) are 5.6, 7.2, and 11.0 
pounds, respectively. These estimates are, however, less re- 
liable than those which we have just obtained through the use 
of equation (15a), as the link relatives are less highly correlated 
than the corresponding trend ratios. 

Equations like the foregoing may, of course, be derived for 
the other years between 1890 and 1914. They provide a quan- 
titative measure of the degree to which the “demand schedule” 
has shifted from year to year as a result of dynamic changes. 


6. COEFFICIENT OF THE ELASTICITY OF DEMAND 


We have shown elsewhere® that after the law of demand 
has been ascertained in one form or another—absolute quanti- 
ties, link relatives, or trend ratios—it is a simple matter to find 
the coefficient of the elasticity of demand at any point on the 
demand curve. It can easily be shown that when the law of 

ee 
N= Gy" x» Where 
X and Y are the trend ratios of consumption and prices, re- 
spectively. Applying this formula to the equations of the de- 
mand curves of Figure 21, and recalling that curves B, B’, C, 
and C’ are different forms of Professor Moore’s “typical equa- 
tion to the law of demand,” which enables us immediately to 


demand is given in the form of trend ratios 


* Cf. pp. 45-46, 62-65, and 76. 
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write down the equations descriptive of the coefficient of elas- 
ticity of demand (see note 20, p. 56), we obtain 


ns =—(t/1.4801) V/X 

Nar = —0.4268 V/X 

ny = —(t/2.1356)V/X 

Ne =—1/(0.0925+1.34914 X) (16) 
Npr=1-51425—1.92714 V 

Ne =1/(245.44163 —507.59781X + 260. 20940?) 

Nor = —14.25408-+ 30. 10319 Y —16.17410Y? 


where the subscripts A, A’, etc., denote the demand curves from 
which these equations are derived. In Figure 23 these equations 
are graphed for a considerable range of values of X. 

A glance at the curves in Figure 23 is sufficient to warn us 
that great care must be exercised in drawing conclusions that 
are based upon the numerical values of the coefficient of elas- 
ticity of demand. The values of these coefficients fluctuate 
widely according to the type of curve that is selected to repre- 
sent the law of demand and the method of fitting that is em- 
ployed. Demand curves which look very much alike (curves 
A and B, or curves A’ and N, Fig. 21) may yield radically dif- 
ferent values for the coefficient of elasticity of demand (curves 
n, and 7,, or n, and ny, Fig. 23). It is highly important, there- 
fore, to find the demand curve that fits the data with the highest 
degree of probability. In this connection the method of fitting 
curves which considers both variables as being subject to errors 
of observation is of the greatest importance. 

We have seen that the demand curve which fits the data 
with the highest degree of probability is the line V (Figs. 21 and 
22). We conclude, therefore, that the curve 7, (Fig. 21) affords 
the best measure of the coefficient of elasticity of demand, for it 
was deduced from the equation to the line NV. 

From this curve it is clear that the elasticity of demand for 
sugar is higher (in absolute value) for low consumption (or 
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high prices) than it is for high consumption (or low prices). 
For example, when X=1, that is to say, when the per capita 
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Fic. 23—Elasticity of demand for sugar derived from the seven curves of 
Figure 21. 


consumption of sugar for any year is “normal,” or is equal to 
that indicated by the trend for the same year, then 7=—0.47, 
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or a reduction in the (real) price of one per cent will increase 
consumption by 0.47 of 1 per cent. When X=1.1, that is to say, 
when consumption for any year is 10 per cent above “normal” 
or above that indicated by the trend for the same year, then 
n=—0.33, or a reduction of 1 per cent in price will increase 
consumption by only 0.33 of 1 per cent. When X=o0.9, that 
is to say, when the consumption for any year is Io per cent 
below “normal” or below that indicated by the trend for the 
same year, then 7=— 0.63, or a reduction of 1 per cent in price 
will increase consumption by 0.63 of 1 per cent. 

When the law of demand for any one year is expressed in 
terms of absolute quantities, the coefficient of elasticity of de- 


mand is, of course, given by the formula — : , where x is 


the absolute consumption and y is the absolute price. By way of 
illustration, we may determine what the elasticity of demand 
would have been in 1914 had the per capita consumption in that 
year amounted to only 80 pounds instead of the observed 84.3 
pounds. The law of demand for sugar in 1914 (see p. 86) is 
given by the equation 


y=—0.1031 x+12.814. 
The probable price corresponding to a consumption of 80 pounds 
is, by this equation, equal to 4.566 cents. Hence 


dx y I 4.566 


1 dy’ x 0.1031 80 ee 


or the coefficient of elasticity would have been —o.55. 


7. COMPARISON WITH THE METHOD OF LINK RELATIVES 


It was pointed out elsewhere (see pp. 65-66) that before we 
can compare coefficients of elasticity of demand derived by dif- 
ferent methods, we must be sure that they relate to the compara- 
ble points on the demand curves under consideration. It was also 
shown that a point on one demand curve will be comparable 
with a point on another demand curve if the deviations of the 
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two points from their respective means have the same sign and 
if they are in the same ratio as the standard deviations of the 
two series under consideration. The mean of the (per capita 
consumption) trend ratios is 1.0, and the mean of the (per capita 
consumption) link relatives is 1.0215. That is to say, a “nor- 
mal” consumption in terms of link relatives is one which exceeds 
the consumption for the previous year by 2.15 per cent. The 
standard deviation of the (consumption) trend ratios is 0.0461 
and the corresponding figure for (consumption) link relatives 
is 0.0626. The two standard deviations are in the ratio of 1.0 
to I.3579, which means that a deviation of + 1.0 unit from the 
mean of the trend ratios corresponds to a deviation of + 1.3579 
units from the mean of the link relatives. It follows, therefore, 
that (consumption) trend ratios of 0.9, 1.0, and 1.1 correspond 
to link relatives of 0.8855, 1.0215, and 1.1575, respectively. 
When the coefficient of elasticity of demand is computed for 
comparable points on the two demand curves, the results ob- 
tained by the method of link relatives (Equation [12]) are not 
materially different from those obtained by the present method 
(ny Equation [16] ). Thus, the values of the coefficient of the 
elasticity of demand for the three trend ratios given above are 
—o0.63, —o.47, and —o.33, respectively. The values of the 
coefficient for the corresponding link relatives are —o.60, 
—o.46, and —o.29, respectively. It will be recalled that the 
two methods also yielded practically identical results when they 
were applied to unadjusted data, i.e., to total consumption and 
money prices. 

This brings us to the end of the investigation of the law of 
demand for sugar as derived from adjusted data. We have seen 
that, in the problem before us, the results obtained from the 
adjusted data are practically identical with those derived from 
the unadjusted data. It does not follow, however, that in an- 
other problem no advantage will be gained through the use of 
per capita consumption and real prices. All statistical devices 
are to be valued according to their efficacy in the immediate 
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problem under consideration. If, for example, it is found that 
“deflated” prices give better results than observed money prices, 
the use of such adjusted prices needs no other justification for 
the purpose in view. 


III. SUMMARY AND CONCLUSIONS RELATING TO DEMAND 


In chapter i we have briefly examined the concept of elas- 
ticity of demand, the assumptions that are inherent in the theo- 
retical classical law of demand, and the difficulties that are met 
with in the derivation of concrete, statistical laws of demand. 
We have shown how these difficulties may be overcome, how 
both static and dynamic laws of demand may be derived, by 
modern statistical methods. 

Proceeding to chapter ii, we have applied some of the sim- 
pler methods of the problem of finding the law of demand for su- 
gar. We have derived this law of demand in four different ways 
and have found that the different methods give approximately 
the same value (—o.5) for the coefficient of elasticity of demand 
under normal conditions of consumption. That is to say, we 
have established the fact that, under normal conditions, an 
increase of 1 per cent in the price of sugar is associated with a 
decrease in consumption of only 0.5 of 1 per cent. We have 
defined ‘normal conditions” and have shown that even when 
the conditions of consumption differ considerably from normal, 
the coefficient of elasticity of demand is still numerically less 
than 1.0. The demand for sugar may, therefore, be designated 
as quite inelastic. In the course of our computations we have 
had occasion to call attention to the two difficulties that are in- 
herent in the method of trend ratios. There is, first, the difficulty 
of selecting satisfactory trends from which to compute “normal” 
consumption and “normal” prices; there is, second, the diffi- 
culty of taking into account the “errors” or deviations in both 
variables when we proceed to fit the demand curve. We trust 
that the statistical experiments which have been suggested by 
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these difficulties, incomplete as they are, will be of some help 
to other workers in the same field. 

In concluding Part I of this study we may call attention to 
some phases of the statistical law of demand which have not per- 
haps been sufficiently emphasized in the preceding pages. 

1. The law of demand for sugar derived in this study is, 
strictly speaking, applicable to the period 1890-1914 only. 
Whether the same law holds today must be determined from a 
comparison of the present forces behind the demand and the 
supply of sugar with those which were in operation during the 
twenty-five years before 1915. In any event, the trend of con- 
sumption and the trend of prices for any year after 1914 may 
not be obtained, by extrapolation, from the corresponding 
trends for the period 1890-1914. The trends which are used 
in this study are satisfactory only within the limits of ob- 
servation. They may give impossible results if extrapolated 
beyond these limits. The problem of deriving trends which may 
be used for extrapolation as well as interpolation has not been 
considered in this study. Of course, the whole difficulty of ex- 
trapolation might be avoided by using the law of demand based 
on link relatives or percentage changes. We have seen, how- 
ever, that, with the data before us, this demand curve is not so 
satisfactory as that based on the trend ratios. 

2. The coefficient of the elasticity of demand for sugar has 
been derived from the demand curve. As we have stated else- 
where,® it is our conviction that the accepted definition of the 
coefficient of elasticity of demand presupposes a knowledge of 
the demand curve, and that any attempt to derive the elasticity 
of demand for a commodity without first deriving the demand 
curve is apt to lead to difficulties. Professor Lehfeldt’s deriva- 
tion of the elasticity of demand for wheat” illustrates this diffi- 
culty. See Appendix I. 

a Cispe 7. 

*R. A. Lehfeldt, “The Elasticity of Demand for Wheat,” Economic Journal, 
June, 1914. 
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3. The demand curves which were finally selected in this 
study are those which were fitted on the assumption that the 
reason why any point fails to fall on the curve is that it is sub- 
ject to a horizontal as well as to a vertical “error.” The “errors” 
with which we have to deal are not only, or even mainly, the 
accidental errors which are due to no known cause of systematic 
or constant error and which play such an important rdéle in the 
theory of least squares. But they are treated as though they 
were true accidental errors. That is to say, we first eliminate 
such constant or systematic “errors” as may be eliminated 
through the use of index numbers, trend ratios, or link relatives. 
(Such constant or systematic “errors” are due, as a rule, to pop- 
ulation growth and to changes in the general price level.) We 
are quite certain that there are others still, but we can not meas- 
ure them. We therefore assume that they are eliminated by the 
graduation process involved in fitting the demand curve.** 

4. The law of demand derived in this study is a dynamic 
law; it describes in summary form the “routine of change” of 
an important economic phenomenon. It is the dynamic law of 
demand in a simple form (link relatives or trend ratios). It is 
quite different from the static law of demand of the classical 
writers. ‘The statical law may be only approached (see equa- 
tions 3 and 3a) but never realized in inductive investigation.””*” 

5. The ease with which the general law of demand in terms 
of trend ratios or link relatives may be converted into a law 
of demand for any one year in terms of absolute quantities is 
of theoretical as well as practical importance. In the determina- 
tion of the effects of a tax on the conditions of supply and in 
many related problems, it is necessary to have the cost or sup- 
ply curve as well as the demand curve of the commodity in 
question. But the ordinary cost curve, for reasons which need 
not be discussed here, relates to a given year or date, and varies 

“See Henri Poincaré, Science and Hypothesis, chap. xi, “The Calculus of 
Probabilities,” section on “The Theory of Errors.” 

* Professor H. L. Moore in a letter to the present writer. 
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greatly from year to year. To compare such a cost curve, which 
is expressed in terms of absolute quantities, with a demand 
curve of the ratio or link-relative form is, of course, impossible, 
without making more or less complicated adjustments. The 
ease, however, with which the demand curve for any one year 
may be expressed in terms of absolute quantities*® makes it 
possible to put the supply curve into juxtaposition with the 
proper demand curve. 

Furthermore, an examination of the law of demand for 
successive years enables us to see the way in which the demand 
curve has shifted as a result of secular changes. 

6. Finally, we should like to point out the real nature of 
the statistical law of demand. Some economists, among whom 
are to be included not a few members of the institutional school, 
have, unfortunately, gotten the impression that any attempt | 
to derive a law of demand must needs be based on no better 
psychology than that of James Mill. A few of them even go 
so far as to deny the very existence of a law of demand. What 
these economists overlook, however, is that the existence of a 
law of demand is an objective fact, quite independent of one’s 
psychological preconceptions. And when economists, in the 
words of Professor Mitchell, “grasp the idea that their business 
is with behavior, and that behavior is objective, they will see 
that their psychological footing can be made secure.’’** For the 
law of demand is not a fiction of the hedonistic school. It is 
nothing less than a summary presentation, in quantitative terms, 
of an important aspect of human behavior. 

* Cf. pp. 40-42, 61-62, 74-75, and 85-87. 


“W. C. Mitchell, “The Prospects of Economics,” in R. G. Tugwell, The 
Trend of Economics, p. 23. 
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PART II. THE STATISTICAL LAW OF SUPPLY 
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CHAPTER IV 


THEORETICAL CONSIDERATIONS RELATING 
TO SUPPLY 


I. INTRODUCTION 


“We should have made,” says Marshall,* “a great advance if 
we could represent the normal demand price and supply price as 
functions both of the amount normally produced and of the 
time at which that amount became normal.” In Part I we have 
derived the demand curve for sugar and have shown how it shifts 
its position from year to year as a result of dynamic changes. 
The curve thus derived may not be “normal” in Marshall’s sense. 
It has, however, the great advantage of being concrete or statis- 
tical rather than a priori or hypothetical, and Marshall himself 
has warned us against the danger of abstract reasoning, especial- 
ly in connection with supply and demand. 

In Part II an attempt is made to treat supply along the 
same general lines as demand. More specifically, it is the object 
of the following chapters to examine some of the difficulties 
which arise in the derivation of the elasticity of supply; to in- 
dicate how these difficulties may be overcome; to derive the sup- 
ply curve for sugar; to bring it, if possible, into juxtaposition 
with the demand curve for the same commodity, and to show how 
the equilibrium of demand and supply changes from time to 
time. In Part III an attempt is made to indicate the bearing of 
the results on the tariff on sugar. However, before proceeding to 
take up concretely the proposed problems, it is advisable to de- 
fine a few terms and to examine some theoretical considerations 
relating to supply. 


* Principles of Economics (8th ed.), p. 800. 
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II. THE CONCEPT OF THE ELASTICITY OF SUPPLY 


The coefficient of the elasticity of supply might almost be 
defined by paraphrasing the definition of the coefficient of the 
elasticity of demand.’ It is the ratio of the relative change in the 
quantity supplied to the corresponding relative change in price, 
when the relative changes are infinitesimal. 

In mathematical symbols, the coefficient of the elasticity of 


supply, e, is 


ea dy_dlogx_dx y 


x y dlogy dy «x (t7) 


where x is the quantity supplied and y is the price per unit. 
Equation (17) is identical with equation (1), page 4, relating 
to » except that x now stands for the quantity supplied instead 
of demanded. If e is numerically greater than unity, the supply 
is said to be “elastic.” If it is numerically less than unity, the 
supply is said to be “inelastic.” The size of the coefficient meas- 
ures the degree of the elasticity. 

With regard to this definition the same observations must 
be made that were emphasized in connection with the definition 
of the elasticity of demand: 

1. The definition presupposes a knowledge of the supply 
curve. It follows, therefore, that any attempt to derive the co- 
efficient of the elasticity of supply of a commodity without first 
deriving the equation to the supply curve is apt to lead to diffi- 
culties. 

2. The coefficient relates to a point on the supply curve and 
may vary in magnitude from point to point. In giving the co- 
efficient of the elasticity of supply of a commodity, one must, 
therefore, specify the point on the supply curve to which it ap- 
plies, unless the value of the coefficient is the same at every point 
on the curve. 

This, of course, is equivalent to saying that the definition of 
the elasticity of supply given above is that of “point elasticity” 


* See p. 4. 
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and not “arc elasticity,” and the observations which were made 
on this distinction in connection with the discussion of demand’ 
also hold for supply. We shall return to this subject later. 


III. RELATION BETWEEN ELASTICITY OF DEMAND AND 
ELASTICITY OF SUPPLY 


There is an interesting similarity between demand and sup- 
ply in regard to elasticity. Im a closed economy the elasticity of 
supply is numerically equal to the elasticity of demand when the 
relative prices and the relative quantities are periodic functions 
of time. By the terms “relative prices” and “relative quantities” 
are meant prices and quantities referred to some “normal” or 
trend as a base in order to allow for secular changes. By the 
term “closed economy” is meant an economy that is self-con- 
tained with respect to the commodity under consideration. Thus 
the United States is a closed economy with respect to potatoes. 
To get the corresponding economy for wheat or pig iron we 
must include the whole world.* 


®* See pp. 9-14. 

*The importance of the “self-contained economy”—the one that has no re- 
lations of importance with anything outside of itself with respect to the commod- 
ity under consideration—has been stressed by Professor Cassel : 

“First of all, science must always, in discussing causes and effects, take the 
whole complex as the object. It can not stop at any arbitrarily chosen link in the 
chain. It must consider the totality of occurrences which are in economic reality 
inextricably connected with one another. .... 

“The practical consequence for economic science is that, in principle, it must 
always take an entire economic unit as its object. This means that economic sci- 
ence must always assume the economy which it wishes to analyse, as being en- 
closed within itself and having no connections with an outside world. For if any 
such connection should exist, it would be necessary, in order to get a complete 
view of the totality of the chains of causes and effects, to take even these con- 
nections into consideration, i. e., to widen the object of the investigation and re- 
gard a greater, but in itself complete economic unit. The unit chosen may be a 
small one, e. g., an isolated peasant economy, or a large one, the economy of a 
modern people or of the whole world. The object must be determined by the 
character of the investigations, but in any case it is essential that it should be a 
closed economy” (Gustav Cassel, Fundamental Thoughts in Economics, pp. 
13-15). 

See also his Theory of Social Economy, pp. 3-4. 
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In such an economy there are no imports or exports. Pro- 
duction is equal to consumption. The same data must, therefore, 
be used in deriving both the demand curve and the supply curve. 
Since the same quantity series must be correlated with the same 
price series both for demand and supply, it is clear that the first 
correlation must be negative and the other positive. Let us as- 
sume that a correlation of synchronous items yields the perfect 
result s=—1.0. (This will be obtained when the two synchro- 
nous series are in opposite phase, i.e., when the highest price cor- 
responds to the lowest consumption.) The line of regression cor- 
responding to this coefficient is the curve of demand. Since each 
of the two correlated series is, by assumption, a periodic function 
of time, it follows that a perfect positive correlation, r=--1.0, 
will be obtained by lagging production behind prices by half a 
period, and thereby bringing the two in the same phase. If such 
a correlation has economic meaning—and this must be deter- 
mined by reference to the technology of the industry or commod- 
ity under consideration—the line of regression corresponding to 
this coefficient is the curve of supply. Under these conditions it 
can easily be shown’ that the elasticity of supply is numerically 
equal to the elasticity of demand. 

In any practical problem it is extremely unlikely that the 
quantity series and the price series would both be periodic func- 
tions of time and that the same quantity series would have to be 
used in the derivation of both the demand curve and the supply 
curve. From this it would be wrong to conclude, however, that 
the principle of the numerical equality of the elasticities of de- 
mand and supply is of no importance whatsoever. Where the 
necessary conditions obtain at least approximately, the elastici- 
ty of supply will tend to be numerically equal to the elasticity of 
demand as the number of observations increases. 

A fuller explanation of the statistical reasoning which leads 
to this principle or theorem will be postponed until we are ready 


° See pp. 132-36. 
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to derive the supply curve for sugar. At this point we may point 
out a practical application of the principle under consideration. 
Assuming that the world is the only self-contained economy with 
respect to sugar, and assuming also that the other necessary con- 
ditions are realized, suppose that we know the elasticity of the 
world-demand and the elasticity of the supply from all sources 
except Cuba. By our principle, which states that in a self-con- 
tained economy the elasticity of the whole demand tends to be 
numerically equal to the elasticity of the whole supply, the elas- 
ticity of the unknown Cuban supply may be easily estimated 
from the equation, 


Ounw=Qcec+Qoeo (18) 


where 7w is the numerical value of the elasticity of the world de- 
mand, Qw the total quantity demanded by the world’s popula- 
tion; €c, éo are respectively the elasticities of the Cuban supply 
and the supply from all other sources; and Qc, Qo are respective- 
ly the quantities supplied by Cuba and the other sources, the 
relation between the quantities or weights being Qw=QOc+Qo. 
By dividing both sides of this equation by Qw, it will be seen that 
this equation simply states that the elasticity of the world-de- 
mand is a weighted arithmetic mean of the elasticities of the 
supplies from the various regions. 

The principle of the equality of the elasticities of demand 
and supply is, however, true only of short-time supply and de- 
mand curves. As Marshall has pointed out in another connec- 
tion, the matter is more complex in the more fundamental ques- 
tions which relate to long periods. “For the ultimate output 
corresponding to an unconditional demand at even current prices 
would be theoretically infinite; and therefore the elasticity of 
supply of a commodity which conforms to the law of Increasing 
Return, or even to that of Constant Return, is theoretically in- 
finite for long periods.’ 


° Marshall, op. cit., pp. 456, 457. 
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IV. SUPPLY AND COST OF PRODUCTION 


The cost curve gives the relation between the cost of pro- 
duction of a commodity and the quantity produced. The supply 
curve gives the relation between the price of the commodity and 
the quantity offered for sale or produced. This definition, al- 
though perfectly accurate, has, nevertheless, the shortcoming of 
not even suggesting the problem of the relation between the cost 
curve and the supply curve. Perhaps this is as it should be, for 
economists have not as yet succeded in giving an entirely satis- 
factory explanation of the relation between the two curves. If, 
however, we are permitted to make the convenient assumption 
—which is true under equilibrium conditions—that no part of 
the output is produced at a loss (i.e., that there is no ultra-mar- 
ginal production), we may define the supply curve as the curve 
which gives the relation between the marginal cost, or the cost 
of the last-made portion of the commodity, and the quantity 
produced. This definition has at least these advantages: It sug- 
gests that there is a functional relation between the supply curve 
and the cost curve; and it leads to a mathematical expression for 
this relation under equilibrium conditions. 


I. COST CURVES 


The only condition of the cost curve is that the total cost of 
production of any quantity shall always be less than the total 
cost of production of a greater quantity, for otherwise the great- 
er quantity would be made, and, if needful, partially destroyed. 
Mathematically this is expressed by saying that 


“ee (19) 


where y=¢(*) is the total cost of production (not the cost per 
unit) and x is the quantity produced.” There are three types of 
"The verbal part of this definition of a cost curve is based on Henry Cun- 


ynghame’s definition of a “supply” curve. (See his paper on “Some Improve- 
ments in Simple Geometrical Methods of Treating Exchange Value, Monopoly, 
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cost curves fulfilling condition (19). One of them is shown in Fig- 
ure 24A (curve OA). It is the total cost curve (Gesammtkosten- 
kurve) of Auspitz and Lieben.* The abscissa of any point on 
this curve represents the total output (production) during a 
specified period of time—say, one year—and the ordinate the 
total cost. 

In Figure 24B (curve sa) there is shown the more common 
method of representing the cost curve. Here the abscissa repre- 
sents the total production, as in curve OA (Fig. 244); but the 
ordinate now represents the average cost per unit. 

~The relation between sa and OA is simple. If the former be 
denoted by f(«) and the latter by ¢(x), then 


$(x) 
PA8) = f(x) 
¥ (20) 


or, 
(x) =af(«) 


The theoretical cost curve as defined above must not be con- 
fused with the accounting cost curve which has been made famil- 
iar to economists through publications of the United States 
Tariff Commission, the Federal Trade Commission, and other 
Government bureaus, and which is known technically as Mar- 
shall’s “particular expenses curve.’”® In the theoretical curve as 


and Rent,” Economic Journal, II [1892], 40.) The mathematical translation of 
the definition is, however, quite different from Cunynghame’s, which is “that 2 
by 


must always be greater than y» The difference between the two mathematical 
x 


formulas is this: Whereas Cunynghame’s formula excludes from the category of 
“total cost curves” all curves that are not concave upward (Figs. 27C and 27£), 
ours (equation [19]) includes them. Cunynghame’s mathematical formula is not 
an accurate translation of his definition. 

5 Recherches sur la Theorie du Prix (Paris, 1914), pp. 2-5. Translated from 
the German Untersuchungen iiber die Theorie des Preises (1889). 

By the cost of production of an article Auspitz and Lieben mean “the min- 
imum amount of money which producers of this article, taken together, must re- 
ceive in order to be able to produce it without loss” (pp. 2-3). 


° Marshall, of. cit., pp. 810-11. 
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conceived by Auspitz and Lieben, the abscissas represent quanti- 
ties “which may be produced annually” by all the producers of 
the article under consideration. A change in the abscissa of the 
theoretical curve represents, therefore, a change in the scale of 
production from year to year. In the accounting cost curve the 
abscissas represent quantities which were produced by the vari- 
ous producers during the year or period in question. In this curve 
the scale of production is fixed and is represented by the base of 
the curve. This base is made up of the bases of a series of ad- 
joining rectangles, arranged in ascending order, each rectangle 
representing by its base the output (and by its altitude the cost) 
of one producer during the year under consideration. The theo- 
retical cost curve is expressed by a series of hypothetical or con- 
ditional statements thus: “If the annual (or other periodic) 
output of all the producers were so much, their total cost would 
be so much; if the annual output were so much again, the total 
cost would correspondingly vary, and so on.” (This does not 
mean, of course, that the theoretical curve may not be based on 
inductive investigations. ) 

The accounting cost curve is expressed by a series of cate- 
gorical statements thus: During the year (or period) covered 
by this cost survey, the producer who had the lowest average 
cost of production per unit had an output of so many units and 
a total cost of so many dollars; the producers whose average 
cost per unit was just above that of the lowest cost producer had 
an output of so many units again, at a cost of so many dollars 
per unit, making the total cost of the two producers so much, 
and so on. 

Another important difference between the theoretical and 
the accounting cost curve is that the former does, while the lat- 
ter does not, give the true relation between changes in cost and 
corresponding changes in output. The cost data which it has 
thus far been found possible or practicable to obtain show the 
average cost per unit and the output of each factory under con- 
sideration. They do not show the variation in the costs of each 
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factory as affected by the factory’s output. The result is that 
the output corresponding to given unit (and hence, total) costs 
cannot be derived accurately from such data. Suppose that of 
several producers one has an output of 1,000 units at an average 
cost of $1.00 per unit and the other has an output of 2,000 units 
at an average cost of $2.00 per unit. This does not mean that all 
of the 1,000 units of the first producer cost $1.00 apiece to pro- 
duce and that all of the 2,000 units of the second producer cost 
$2.00 apiece. Some of the 1,000 units may have cost more than 
$2.00 apiece and some of the 2,000 units may have cost less than 
$1.00 apiece. A true cost curve would show the relation between 
any given cost and the true cumulative output corresponding to 
this cost. The accounting cost curve, however, cannot show this, 
for it does not take into consideration the fact that the various 
units of a factory’s output are produced at different costs.*° 

The economists who first made cost-of-production surveys 
usually organized their data in the form of ogives. They would 
have done better to have organized the same data in the form of 
frequency curves, for then the impression would not have arisen 
that the ogive is the same as the theoretical cost curve oa and 
that it may even be considered a supply curve. For most theoret- 
ical purposes, however, neither the frequency curve nor the 
ogive is as significant as the corresponding curve of total costs. 

The relation between the three curves is illustrated numeri- 
cally in Table V by means of an hypothetical example. In the 
same table there is also shown the relation between the curve of 
total costs and the curve of marginal costs (supply curve), which 
will be explained later. In this example the same data will do 
service both for the particular expenses curves and the theoreti- 
cal cost curves. 

*© This point was also made by Professor Jacob Viner. In his review of Phil- 
ip G. Wright’s “Sugar in Relation to the Tariff” (Journal of the American Sta- 
tistical Association, December, 1924, p. 545) there appears this statement: “. . . 
the economist would ordinarily contend that there are different costs for different 


portions of the output of each producer, and that every producer tends to be 
a marginal producer with respect to a portion of his output.” 
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The first two columns give the frequency distribution of 
costs. Thus, column (2) tells us that of the total output under 
consideration (100 tons), 10 tons were produced at an average 
cost of between $0.50 and $1.50 per ton; 24 tons were produced 
at an average cost of between $1.50 and $2.50 per ton; etc. 

To represent the same cost data by an ogive, we simply 
cumulate the frequencies or output (col. [3]) and plot this cu- 
mulative output against the lower limits of the class intervals of 
column (1). The cumulative frequencies are plotted on the hori- 
zontal axis, and the corresponding lower limits of the unit costs 


TABLE V 


NUMERICAL ILLUSTRATION OF THE RELATION BETWEEN THE FREQUENCY 
DISTRIBUTION OF Costs, THE OcIvE Cost CURVE, THE CURVE OF 
Torat Costs, AND THE CURVE OF MARGINAL Costs 


Unir Costs DERIVED 


ct att . Cumuta- CuMULA- From 
or OuTPUT UMULA- TIVE 
gy eeace Coez PRODUCED TIVE Tora, | Marcmvar 
(Dottars) at Specr- | Ourpur* Gecns Costs Total Marginal 
FIED Cost (Tons) (Dottars) (Recerets) Costs Costs 
(Tons) (Dotxars) | (4) +(3) (5) +(3) 
(Dollars) (Dollars) 
(z) (2) (3) (4) (s) (6) (7) 
Oy SOT 5 Olstr ae «is Io fe) fe} fo} 0.00 0.0 
nee ges ©) ers eter 24 Io Io Io I.00 12) 
2250-3180 sierra 32 34 58 68 D7 2.0 
BREO=A/.' 500.) eb. 24 66 154 198 2.33 3.0 
AROS mS Ole fete Io (ele) 250 360 22578 4.0 
pos acs =, 100 300 500 3.00 5.0 


* T.e., output having costs less than the lower limits of the successive figures of column (r). 
In any practical problem such errors in quadrature as may be introduced in the process of cumula- 
tion ought to be allowed for, especially in the computation of the figures in the remaining columns. 


on the vertical axis. Sometimes the variables are interchanged; 
but the method described above is generally used when the data 
relate to costs, since it is often (erroneously) assumed that the 
ogive is a true supply curve, and we know that the latter is rep- 
resented by plotting output as abscissas and prices as ordinates. 
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Figure 25, A and B, is a graphic representation of the rela- 
tion between the ogive and the frequency curve of costs.** In 
constructing Figure 25 the assumption has been made that the 
total output is fixed at 100 tons and that the first two columns 
of Table V simply give the costs of the five fractional parts of 
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Fic. 25.—Relation between the accounting cost curve, or ogive, and the fre- 
quency curve of costs. 

A, Ogive of costs, cumulated upward. 

B, Frequency distribution of costs. 


this output. It is convenient to think of this output as being pro- 
duced by five different factories (or farms). From this point of 
view the ogive (Fig. 25A) is a series of rectangles, arranged in 
ascending order of height, each rectangle representing by its 
base the production of a factory (or farm) and by its altitude 

For a fuller description of the relation between the ogive and the fre- 


quency curve see Francis Galton, Natural Inheritance, p. 38, or Robert E. Chad- 
dock, Principles and Methods of Statistics, p. 63. 


THEORETICAL CONSIDERATIONS AND SUPPLY 111 


the highest unit cost of the same factory. It is, in other words, 
an accounting cost curve of the type made familiar to economists 
through the publications of the War Industries Board, the Tariff 
Commission, the Federal Trade Commission, and other bodies. 
It is not a theoretical cost curve. 

To use the same data for illustrating the construction of 
the theoretical total cost curve, we must drop the assumption of 
a fixed output of 100 tons and think of the figures in column (3) 
(cumulative output) as representing hypothetical annual out- 
puts of the industry as a whole. These figures are plotted as ab- 
scissas and the corresponding total costs as ordinates. The lat- 
ter are obtained as follows: When nothing is produced, there are 
no costs to be incurred (by assumption) ; the curve therefore be- 
gins at the point 0,0, or the intersection of the co-ordinates. The 
ordinate of this point is represented by the first figure (0) of col- 
umn (4). When to units are produced the total cost is 10 times 
$1.00 (the mid-value of the first cost interval), or $10.00. This is 
represented by the second figure in column (4). When 34 units 
are produced (10-+-24), the cost of the first 10 units is, as we have 
just seen, $10.00; and the cost of the next 24 units is 24x 
$2.00=$48.00 (see cols. [1] and [2]); the cumulative cost of 
the 34 units is, therefore, $10.00-+-$48.00=$58.00. This is rep- 
resented by the third figure in column (4). Proceeding in this 
manner, we obtain the rest of the figures in column (4). 

Figure 26A shows the total cost curve thus obtained (curve 
OA). It corresponds to curve OA in Figure 24A. 

If we divide the “cumulative total costs” (col. [4]) by the 
cumulative output (col. [3]), we obtain the average unit costs 
shown in column (6). When these average unit costs are plotted 
as ordinates corresponding to the cumulative output as ab- 
scissas, we obtain curve oa, Figure 26B, which corresponds to 
curve sa, Figure 24B. Its relation to curve OA is given by equa- 
tion (20). (The meaning of curves OA’ and oa’ will be explained 
later.) 

It will be seen by comparing curve sa (Fig. 24B) with curve 
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oa (Fig. 26B) that the former is concave upward while the latter 
is concave downward. There is no inconsistency in this. The 
fact that the total costs of a commodity increase at an increasing 
rate as production increases does not necessarily mean that the 
average cost per unit must also increase at an increasing rate; 
the average unit cost may increase at a decreasing rate. 

It will also be observed that curve oa begins at the origin, 
while curve sa begins at a point (s) on the vertical axis, above 


TOTAL UNIT 
COST COST 
(Dotrars) (Dott ars) 

500 Si 


2 ie) 20 40 GO 80 100 (6) 20 4O GO 80 /00 
CUMULATIVE OUTPUT (Towns) CUMULATIVE OUTPUT (Tons) 


Fic. 26.—Derivation of the supply curve from the cost curve. 
A, Total cost curve, OA, and total supply curve, OA’. 
B, Unit cost curve, oa, and unit supply curve (curve of marginal unit costs), 


oa’. 


the origin. There is nothing wrong about this, either. The begin- 
ning of the unit cost curve is determined by the slope of the total 
cost curve OA at its origin, and the slope may have a positive 
value even at the origin. 

Curve sa (or its equivalent, al must not be confused with 
the ogive. The latter, as has already been pointed out, may be 
conceived of as a series of (small) rectangles, arranged in as- 
cending order of height, each rectangle representing by its base 
the production of a factory (or farm) and by its altitude either 
the highest or the average cost per unit of the same factory. 
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Curve sa may also be looked upon as a series of (small) rectan- 
gles arranged in ascending order of height and having the same 
bases as in the ogive, but the altitudes of the rectangles now 
measure a different variable. They represent the average cost 
per unit of all factories whose unit costs do not exceed that of the 
one under consideration. In other words, the altitude of each 
rectangle measures the average (weighted) of the altitudes of all 
the rectangles to the left of it. 

If we had detailed cost data for each factory for a series of 
years, we would probably find some factories, if not some indus- 
tries, in which increases in production from one year to the next 
are accompanied by decreases in unit costs—at least within cer- 
tain limits. Curve sa would then be inclined negatively. Few 
inductive investigations, however, result in such data as would 
throw light on the most important question of increasing and 
decreasing costs, partly because most investigations are not con- 
ducted with the view of throwing light on economic theory and 
filling some of the “empty boxes” and partly because such data 
are very difficult to obtain. All that the ordinary cost of produc- 
tion survey succeeds in showing are the output and the average 
cost per unit of each factory for the year under consideration. 
Theoretically there is no more reason for arranging such data 
according to the ascending order of unit costs and thus obtain 
an ogive that is cumulated upward than for arranging them ac- 
cording to the descending order of unit costs and thus obtain an 
ogive that is cumulated downward. Just as the former does not 
suggest increasing costs so does the latter not suggest decreasing 
costs. To obtain some light on the problem of increasing or de- 
creasing costs, we must find the relation between changes in the 
scale of production from one year to the next and corresponding 
changes in costs. 

The general presumption, however, is against the existence 
of decreasing cost industries in a régime of free competition, if 
by an industry we understand, with Professor Frank H. Knight, 
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the entire process (all stages) of producing the article in ques- 
tion.” 
2. SUPPLY CURVES 

Returning now to the theoretical curve of total costs (OA, 
Fig. 24A) we recall that the abscissa of any point on the curve 
represents the quantities which can be produced and sold an- 
nually and the ordinate the total cost of production. This 
amount, however, is not what producers, taken collectively, will 
actually receive, for they will try to obtain a price which is over 
and above the cost of production. How can the amount actually 
received by the producers be determined? What is the relation 
between cost of production and price? 

Let OQ (Fig. 244) be the equilibrium production for any 
one year, and ST the last or marginal portion produced. Then 
OR is the total cost of the entire output OQ, and TR is the cost 
of the marginal portion. Under free competition the marginal 
cost per unit is equal to the price, or the price is TR: ST. But in 
a freé market each unit of the produce must be sold at the same 
price as any other unit, so that the total annual output OQ will 
be sold at exactly the same price as the last portion, ST. This 
means that the sum of money Y’ received for OQ must obey the 
relation 

VESOO ta: Sih 
or 


plas =— / 
Y’=<7X00=OR' , 


which is greater than OR. 

Now let the equilibrium production be any other value than 
OQ. By the same reasoning we compute a new value for Y’ cor- 
responding to the new equilibrium. 


* “Any branch or stage in the creation of a product which offer continuously 
a chance for technical economies with increases in the scale of operations must 
eventuate either in monopoly or in leaving the tendency behind and establishing 
the normal relation of increasing cost with increasing size” (“Some Fallacies in 
the Interpretation of Social Cost,” Quarterly Journal of Economics, XXXVIII 
[1924], 597). 
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Proceeding in this manner, we obtain a series of points 
which, when joined together, give the new curve OA’. This curve 
is above OA if the latter is concave upward. 

The same curve may be obtained by a slightly different 
method, as follows: Through the origin O draw a line parallel 
to the tangent of the total cost curve at the point R. This line 
crosses the prolongation of the ordinate of the point R at R’. 
The length QR’ gives, as before, the total amount of money 
which must be paid to all producers if they are to produce the 
quantity OQ, for QR’:0Q::TR:ST. Make the same construc- 
tion for all other points of tangency on curve OA, and you obtain 
the new curve OA’, as before. This, in fact, is the method fol- 
lowed by Auspitz and Lieben. 

Each ordinate of the curve OA’ gives the actual amount 
which must be paid to all the producers if they are to be induced 
to produce, during the year, the quantity of the article repre- 
sented by the corresponding abscissa. Or better still, the ordi- 
nates of this curve indicate the amounts of money against which 
are offered, in fact, the quantities annually produced and desig- 
nated by the abscissas. Accordingly, Auspitz and Lieben have 
named this curve the total or collective supply curve (Gesammt- 
angebotskurve).* 

Mathematically, the relation between the total supply curve 
OA’ and the total cost curve OA is 


B(x) = x! (x) (21) 


where (x) is the total supply curve and ¢(«) is the total cost 
curve. ' 

If we divide the ordinates of the curve OA’ by their cor- 
responding abscissas we obtain a new curve sa’=¢’(x) (Fig. 
24B), or 


se ) (22) 


* Auspitz and Lieben, of. cit., p. 8. 
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which is related to OA’ in the same way as sa is related to OA. 
(See equation [20]). This curve, which has been called by Pro- 
fessor Pigou “the curve of marginal supply prices”** and by 
Professor Young “the curve of aggregate expenses,’ we shall 
call simply “the supply curve,” in order to show its relation to 
the Auspitz and Lieben “total supply curve” (Gesammtange- 
botskurve), OA’. 

This curve is thus related to sa. If the ordinate at any point 
of the abscissa, Q, (Fig. 24, B), intersects sa at C and sa’ at D, 
the area OQDs is equal to the area OQCF, or, in symbols, 


if i hae fi) ote (23) 


But the area OOCF=xf(x)=QR (Fig. 24, A) represents the 
total cost of production of the quantity OQ. Accordingly the 
line QD—or, more exactly, the little rectangle of which the line 
is the height and a small unit of produce is the base—represents 
“the addition to the total cost incident to the production of an 
additional unit.’’*® 

But, it will be asked, “Is not this the very definition of QC? 
Your mathematics to the contrary, notwithstanding, how can 
the increment in cost be OD?” The answer is that the two lines 
represent different concepts of marginal costs. The former is 
the increment in cost consequent on an increment in production 

* A.C. Pigou, The Economics of Welfare (1920), p. 931. See also Professor 
Pigou’s article on ““Producers’ and Consumers’ Surplus,” Economic Journal, XX, 
358-70. 

* A, A. Young, “Pigou’s Wealth and Welfare,” Quarterly Journal of Eco- 
nomics, August, 1913, pp. 676-77. 

Professor Young seems to prefer this term because the area inclosed by this 
curve (sa’, Fig. 24, B), the two axes, and the ordinate at any point “represents 
the aggregate expenses” of producing OQ units. But it is more common to desig- 
nate a curve after the variable measured by its ordinates. From this point of 
view it would be better to confine the term “curve of aggregate expenses” to OA’ 


(Fig. 24, A) and to call sa’ by some other term, if the one used by Pigou is open 
to objection. 


*F. Y. Edgeworth, Papers Relating to Political Economy, II, 433. 
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when the prices of the factors of production are given. The lat- 
ter is the increment in cost consequent on an increment in pro- 
duction, when the prices of the factors of production are not giv- 
en, but vary with changes in the scale of production. That is, 
QC is the marginal unit cost from the point of view of the en- 
trepreneur whose production is too small as compared with the 
aggregate output to affect the prices of the factors of production. 
But QOD is the marginal unit cost viewed socially." 

Reference to Table V and Figures 26A and 26B will make 
this clear. When the output is 10 tons (col. [3]) the average 
cost is $1.00 per ton (i.e., the midpoint of the first cost interval 
of column [1]), and the total cost is $10.00 (col. [5]). This is 
a point common to both curve OA and curve OA’ (Fig. 264). 
When 24 more tons are needed, these cannot be produced cheap- 
er than at $2.00 per ton (i.e., the midpoint of the second cost in- 
terval of col. [1]). This is (approximately) the cost of the last 
unit which is equal to the price. If it be assumed that the higher 
unit cost of the second dose will not affect the unit cost of the 
first 10 tons, the total cost would be (10X$1.00) + (24x 
$2.00) =$58.00 (col. [4]). This is a point on curve OA (Fig. 
26A). But under free competition the price of the factors of pro- 
duction—including, of course, the rent of land—will be bid up 
when the price rises to $2.00 per ton, so that even the first dose 
of ro tons will now cost $1.00 per ton more than formerly. That 
is, viewed socially, the increased cost of obtaining the additional 
24 tons is not merely $48.00 but $58.00, or the cumulative 
(marginal) cost of the 34 (10-24) tons is $68.00 (col. [5]). 
This is a point on curve OA’ which is now above curve OA. 
Proceeding in this manner, we obtain the other figures of column 
(5), or the other points of curve OA’. The difference between 
$68.00 and $58.00, or, more generally, the difference between 
any figure in column (5) and the corresponding figure in column 
(4), corresponds to the difference between QR’ and OR (Fig. 
24A). 

“ This interpretation differs from that given by Edgeworth. See ibid. 
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Dividing the cumulative marginal costs (col. [5]) by the 
cumulative output (col. [3]), we obtain the marginal unit costs 
of column (7). Curve oa’ (Fig. 26B), represents these unit costs. 
It is the ordinary supply curve. It corresponds to curve oa’ (Fig. 
24B). Its relation to curve oa is given by equation (23). 


3. LAWS OF COST 

In the foregoing analysis of the relation between the cost 
curve and the supply curve, the total cost curve was drawn con- 
cave upward, and it was shown that when the cost curve is of 
this type the supply curve is above the cost curve. Although this 
is a common type of cost curve, it is by no means the only one 
fulfilling the general condition of the cost curve (see equation 
[19]) that the total cost of production of any quantity shall 
always be less than the total cost of production of a greater quan- 
tity, for otherwise the greater quantity will be produced, and, if 
needful, partially destroyed. There are two other cost curves 
which fulfil this condition. One is concave downward, and the 
other has no curvature, being a straight line. The three curves, 
together with the unit cost curves derived from them are shown 
in Figure 27. Of these, the two curves OA of Figures A and C | 
may also be looked upon as two arcs of one continuous total cost 
curve which is concave downward for part of its length and con- 
cave upward for the rest of its length. A similar statement may 
be made of the unit cost curves oa of Figures B and D. It can 
easily be shown that when the cost curve is concave downward, 
the curve of marginal costs is below the cost curve, and that 
when the cost curve has no curvature, the curve of marginal 
costs coincides with the cost curve.*® 

But whether the curve of marginal costs is above or below 
the cost curve, it is clear that any dealer to sell at all, must ex- 

* By equation (21) the curve of marginal costs ®(«) is thus related to the 
cost curve @ (x). &(x%)=2x¢'(x). In Figure 27, A and B, ¢’(x) is an increasing 
function of « as x increases, hence (x) is above ¢(x). In Figures C and D, ¢’(x) 


is a decreasing function of ¢(x) as x increases, hence 6(x) is below #(x). In 
Figures E and F, ¢'(x) is a (positive) constant, hence $(%) =¢(x). 
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F(M=O'(X) 


fo) x O x 
Fic. 27.—The three laws of cost. 
Figures A, C, and £ represent the three kinds of total costs, while B, D, and F 
represent the corresponding uwmit costs. The dotted curves represent marginal 
(total and unit) costs. 
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pect to get back at least the total cost. As Professor Fisher puts 
it, 

This means that he must, therefore, charge a price at least as high as 
the average cost per ton. When the cost of each successive ton is greater 
than that of the preceding ton, the cost of the last, the marginal cost, is the 
greatest cost of all, and therefore exceeds the average cost. Consequently, 
the dealer is assured a profit when selling at a price equal to the marginal 
cost. But when the cost of each successive ton is Jess than that of the pre- 
ceding ton, the cost of the last ton (marginal cost) is the least of all, and 
therefore is less than the average cost. To sell at a price equal to marginal 
cost would, in this case, mean to sell at a loss. 

In either case, whether the curve ascends or descends, the seller will 
seek to determine his price on the basis of the higher of the two costs (mar- 
ginal and average). Whichever of the two is the higher will be the one to 
appear in the supply curve. When the marginal cost increases with supply, 
marginal cost is the higher, and will rule supply. When the opposite is true, 
average cost is the higher, and will rule supply.1® 


But if the cost curve descends to the right, it can easily be 
shown” that such a condition will lead to cutthroat competition 
and ultimately to monopoly. A descending cost curve is, there- 
fore, incompatible with the assumption of free competition. 
Under free competition the supply curve is above the cost curve. 

It is clear, therefore, from the foregoing, that, given the cost 
curve, we can find the corresponding supply curve; and vice 
versa. 

The shape of the total cost curve not only determines the 
shape of the corresponding supply curve but it also enables us 
to state the laws of cost in an unequivocal manner. This will be 
illustrated by a consideration of the laws of cost as conceived 

* Irving Fisher, Elementary Principles of Economics (1913), p. 316. See also 


Luigi Amoroso, Lezioni di Economia Matematica (1921), pp. 167-87, where he 
distinguishes between costo unitario, costo marginale, and costo virtuale. 


» Fisher, op. cit., pp. 317-23; see also note 12, above. 

It was Cournot, however, who first pointed out that a negatively-sloping 
cost curve is incompatible with the assumption of free competition. See his Re- 
searches into the Mathematical Principles of the Theory of Wealth (Bacon’s 
translation), pp. 91-92. 
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by two of the greatest mathematical economists, Cournot and 
Edgeworth. 

Cournot, who was the first to give a description of the laws 
of cost or return in mathematical form,” shows that if y=¢(x) 
is the equation to the total cost curve, then there are three types 
of laws of cost according as 


$a) So. (24) 


Of this statement of the laws of cost Professor Moore says: 

He [Cournot] avoided many difficulties by contenting himself with a 
mathematical definition of the laws without passing on to identify them by 
name-as the law of diminishing return, the law of constant return, and the 
law of increasing return. Without using the customary unprecise definitions 
he amply made good his claim that the condition whether $’’(«) = o exerts 
very great influence on the principal problems of economic science. It would 
be conducive to clearness and accuracy if the Cournot criterion p''(x) were 
regarded as the criterion of laws of cost or laws of return.?* [Italics ours. ] 


The late Professor Edgeworth gives several definitions of 
the laws of cost, most of them being basically translations in 
words of the Cournot criterion (24). 

His provisional definition may be stated as follows: When 
on the production of two successive equal doses of produce the 
increment of cost due to the first dose is less than the additional 
increment due to the second, the law of increasing costs is said 
to act; and conversely it is a case of diminishing costs when the 
increment of cost due to the first dose is greater than the incre- 
ment due to the second.” 

™ Researches into the Mathematical Principles of the Theory of Wealth 
(Bacon’s translation), pp. 58-61. 


In addition to these three types, Cournot considers a fourth, where the total 
cost curve is a horizontal line, i.e., where ¢(x) is a constant. 

2A Moving Equilibrium of Demand and Supply,” Quarterly Journal of 
Economics, XX XIX (May, 1925), 360, 361. 

FF. Y. Edgeworth, Papers Relating to Political Economy, 1, 61-69, paper 
on “The Laws of Increasing and Diminishing Returns.” 

For numerical illustration of this definition, based on Professor T. N. Car- 
ver’s example, see p. 63. 

Most of Professor Edgeworth’s examples and definitions relate to the laws 
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In this definition the two successive doses of produce are 
assumed to be equal. But now, removing this restriction, we 
may, by paraphrasing Professor Edgeworth’s general definition 
of the law of return, thus state the laws of cost: When on the 
production of two (not in general equal) doses of produce the 
increment of cost due to the two doses has to the increment of 
cost due to the first dose alone a ratio greater than the sum of the 
two doses to the first dose, the law of increasing costs is said to 
act; and conversely if the former ratio is less than the latter, the 
law of decreasing costs is said to act.** 

The foregoing general definition comprises the particular 
and limiting case when the first of the two successive doses of 
produce is the whole production measured from zero; the sec- 
ond dose being larger or smaller according to the purpose in 
hand.?> Thus understood, the definition comes to this, that the 
law of increasing costs acts when the average cost per unit of 
product increases with the increase of production (by an amount 
that is of an assigned order of magnitude); and the law of di- 
minishing cost, in the converse case. 


of return, rather than to the laws of cost. His producing doses and the resulting 
product are, therefore, mostly expressed in kind. “But no essential difference in 
classification is introduced when we take money as the measure; provided that 
the prices, both of the product and the factor of production, remain constant 
while the amounts are varied. For the change thus introduced is simply to mul- 
tiply the axes representing outlay and return, .... each by a constant. But 
such a change does not alter the character of a curve in respect to convexity or 
concavity. .... 

“But money can no longer be ignored when we consider price as varying 
with the amount put on the market by the individual entrepreneur..... ” (op: 
cit., pp. 68-69). 

For this reason it seemed best in this chapter to confine our comments to 
costs expressed in money rather than to returns expressed in kind. 


* Let y=o(x) be the cost curve. At any point x increasing or decreasing 
costs are said to act according as 
(2) — (xo) X%2—Xo 


(a1) — (ao) is %1— Xo 


where Xp tire. 
** Putting x.=o in note 24, above. 
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This definition Edgeworth distinguishes as secondary; the 
general definition being called primary. Edgeworth prefers the 
primary definition,”* although many other high authorities quot- 
ed by him give precedence to the secondary definition. 

The primary and the secondary definitions do not neces- 
sarily lead to the same conclusion as to the kind of law of cost 
that may be operating in a given industry. For example, if the 
total cost curve OA (Fig. 24A) did not begin at the origin O but 
at a point above the origin, thus indicating an industry in which 
an initial outlay is required before any production could take 
place, it would have a tract—that extending from the new origin 
to the point where a tangent from O touches the curve—over 
which increasing costs would prevail according to the primary 
definition and decreasing costs according to the secondary defi- 
nition. Beyond the point where the tangent touches the curve, 
increasing costs would prevail in both senses. 

It will be observed that the statements of the laws of cost 
as given both by Cournot and Edgeworth are simply descrip- 
tions of the various shapes which the cost curve may assume. 
There is, however, an important difference between the defini- 
tions of the two authorities, which recalls the difference be- 
tween “point” elasticity and “arc” elasticity of demand.” Cour- 
not assumes for convenience that output and cost can move by 
infinitesimal steps, and that the function connecting output and 
cost is a continuous function. This assumption, we shall find, is 
also convenient in the mathematical treatment of concrete, sta- 
tistical laws of supply. Edgeworth does not necessarily make 
this assumption. The doses that he considers move by finite 
steps. This makes it incumbent upon him to specify the magni- 
tude of the doses under consideration. 

In his own words: 

In order to make our definition precise it is often necessary to specify 
the magnitude of the doses successively applied. Otherwise it may happen 

* For his grounds see Papers Relating to Political Economy, pp. 70 ff. 

*" See pp. 9-14. 
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that both Increasing and Diminishing Returns may truly be predicted of the 
same circumstances. This is a paradox familiar to those who are conversant 
with the application of the differential calculus. It depends on the circum- 
stance that the orders of magnitude which may be neglected are different ac- 
cording to the different purposes contemplated. It is thus—to use Clerk- 
Maxwell’s illustration—that the heterogeneities in the structure of a mound 
of gravel, which are negligible from the point of view of the military con- 
tractor, may be all-important to the worm. For a like reason the surface of 
a mountain at any assigned point, say that which is exactly underneath the 
center of gravity of an ascending mountaineer, may appear to him, while he 
surmounts the rough surface with long strides, to be shaped like a dumpling, 
concave with respect to the plane of the horizon; but to the beetle creeping 
up a cup-shaped cavity, convex.?® 


4. LAWS OF RELATIVE COST 


In the preceding paragraphs the relation between cost of 
production and output has been expressed in terms of absolute 
changes in the total cost and the corresponding absolute changes 
in output. We shall get a deeper insight into this relation if we 
also consider the relation between relative changes in total cost 
and the corresponding relative changes in output. 

“Relative cost of production” has been defined by Professor 
Moore as “the ratio of the relative change of the total cost to 
the relative change in the total production.”*”® If y=¢(«) is the 
total cost of production and ~ is the total amount of production, 
the symbolic representation of the “coefficient of relative cost 


of production” is =? oh “2, or at the limit, 


_y dx _« dy _xo'(x) a8 


This criterion gives the information desired by the entrepreneur. He 
wishes to know, if he increase his output, whether the relative increase in 


*S Papers Relating to Political Economy, I, p. 65. 


® “A Moving Equilibrium of Demand and Supply,” Quarterly Journal of 
Economics, XXXIX (May, 1925), p. 359. 
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total cost will be greater than, equal to, or less than the relative increase in 
the output. That is, he wishes to know whether 


Bada 

jae 

Relative efficiency of organization, w, gives, under a different form, 
the same information as the relative cost of production, x. The criterion 
w is defined as the ratio of the relative change in total production to the 
relative change in total cost. Symbolically, 


K 


_ dx Ci 1S) 


Da 7 26") 
The information desired by the entrepreneur is whether w S Te 


Since x=1/w, it is obvious that if the value of either x or w is known, 
the other may be found.®° 


Accordingly as Ke 1 we have to do with the law of increasing 
relative cost, the law of constant relative cost, the law of de- 
creasing relative cost. “Just as Cournot’s criterion ¢’’(«) is the 
criterion of laws of cost or of return, so the coefficient may be 
regarded as the criterion of laws of relative cost or of relative 
return.’’** 

Professor Moore shows, however, that the law of cost is a 
broader conception than the law of relative cost. He concludes 
his examination of these concepts as follows: ‘The criterion 
¢’’(x) is more inclusive than the criterion x: where x occurs in 
a particular form the corresponding form ¢’’(x) always occurs, 
but when ¢’’(*) exists in any particular form the corresponding 
condition of « may or may not be fulfilled.”* 


V. ELASTICITY OF SUPPLY AND RELATIVE COST OF PRODUCTION 


And now we come to a difficult question: What is the rela- 
tion between the elasticity of supply and the relative cost of pro- 
duction? In answering this question it will be somewhat more 
convenient to work with the reciprocal of the relative cost of 
production, or the relative efficiency of organization. 


* Tbid., pp. 359-60. 
* Ibid., p. 361. ® Tbid., p. 364. 
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By definition, the coefficient of the elasticity of supply (e) 
is the ratio of the relative change in the quantity supplied to the 
corresponding relative change in price (page 100), and the coeffi- 
cient of the relative efficiency of organization (w) is the ratio of 
the relative change in total production to the relative change in 
total cost. We may assume for the purpose in view that “the 
quantity supplied” is equal to “the total production.” The rela- 
tion between e and w must, therefore, be sought in the relation of 
price to the relative change in total cost. 

We have seen, however (pp. 114-18), that the bridge by 
which we cross from cost to price and back to cost is marginal 
cost, for at the margin of production cost is equal to price. This 
brings us for the second time to a consideration of the nature of 
the curve of marginal costs. 

In a previous section (pp. 114-21) we have defined the sup- 
ply curve, or “the curve of marginal costs” as the rate of change 
of the total cost curve, or as ¢’(x), the total cost curve being 
designated by (x). This is curve sa’ (Fig. 24B). The definition 
of the elasticity of supply applied to this function (¢’(*)=sa’) 
is 


ara e (26) 


But a good many, if not most, economists also consider the 
curve of average unit costs, f(«), or curve sa (Fig. 24B), as “the 
supply curve” even under conditions of increasing cost. This 
curve is simply the total cost of production divided by the total 


production, or f(*)= v2) . The coefficient of the elasticity of 
supply derived from this function ( f(x) =) is 


Wee ale ce 
= 36'(@)—$@) 1-0 (27) 


(x) 
ap’ («) 


é 


where »=1/x is, by definition, 
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But what is the meaning of these different definitions of 
elasticity of supply? The answer must be sought in the distinc- 
tion that we have drawn (see pp. 116-17) between two concepts 
of marginal costs. There is first the function giving the relation 
between an increase in cost and the corresponding increase in 
production when the prices of the factors of production are 
given. It is the function which represents marginal cost from 
the point of view of the entrepreneur whose production is too 
small compared with the aggregate output to affect the prices of 
the factors of production. The definition of elasticity of supply 
proper to this concept of marginal cost is equation (27). There 
is second the function giving the relation between an increase 
in cost and the corresponding increase in production when the 
prices of the factors of production are not given, but vary with 
the changes in the scale of production. It is the function which 
represents marginal cost from the point of view of society as a 
whole. The definition of elasticity of supply proper to this con- 
cept of marginal costs is equation (26). 


VI. TYPICAL EQUATIONS TO THE LAW OF SUPPLY 


From the relation existing between cost of production and 
supply, which has been briefly outlined in this chapter, we can 
deduce the supply curve from the corresponding cost curve and 
conversely. 

For example, suppose that we have data giving the total 
costs corresponding to given units of output of a commodity and 
we desire to find the supply curve corresponding to these data. 
Since, under conditions of increasing cost, the supply curve is 
simply the rate of change, or the first derivative, ¢’(x), of the 
total cost curve, ¢(x), all that we have to do is to fit a curve 
y=$(x) to the total costs and then differentiate this function 
with respect to x (output). The derived function is the equation 
to the supply curve. 

If it be impracticable to fit a curve to the data of total costs, 
we may work with the finite differences of the total costs instead 
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of with the derivatives of the function ¢(x). The series of the 
first differences of the total costs, properly smoothed, may give 
a fair approximation to the supply curve. 

In nearly all inductive investigations, however, it will be 
impossible to obtain directly the equation to the total cost curve. 
It will, therefore, be necessary first to derive the supply curve 
and from it deduce the corresponding cost curve. 

This makes it desirable, in the words of Professor Moore, 
“to select a typical equation to the law of supply so that the 
constants in the equation shall reflect the connection of supply 
with the laws of cost.”** 

Professor Moore has shown* how the types of the supply 
equations obviously vary according as the values of the Cournot 
criterion ¢’’(x) or of his (Moore’s) own criterion x are taken 
as the criteria of the laws of cost. 

We shall first derive the equations of supply by means of ¢’’(%). The 
simplest possible assumptions as to the character of @’’(x) are summarized 
in (vii) [the (28) of this text] 

$”(x)=a 
$” (x) =a+bx : (28) 
$' (x) =a bu ox 

If d’’ (x) =a, then d’(x)=ax--b, and the variation of marginal cost is 
described by a straight line. When the law of diminishing return dominates 
industry, 4’ (x) =ax--b is the equation to the supply curve. In that case, if 


p, be put for the supply price per unit of commodity, the supply equation is 
p,=ax-+b. When the law of constant return dominates the industry, a=o, 


¢'(«)= a constant, and the supply price is p=) _ When the law of in- 
x 
creasing return prevails, the supply price*® is likewise p,= — ; 

More complex equations could be derived in a similar man- 
ner from the other assumptions in (28). But it is perhaps ad- 
visable, in any concrete investigation, to let the data suggest 
the most desirable equation for the purpose in view. 

® Op. cit., p. 364. * Op. cit., pp. 364-65. 

*° Marshall, Principles of Economics, 4th edition, p. 539, note 1. Fig. 36. 
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The criterion x, Professor Moore also shows,°* leads to an- 
other useful type of supply curves which is related in form to 
his “typical equation to the law of demand,” to which reference 
was already made on page 56. 


VII. SUMMARY 


At the outset of this chapter we defined the coefficient of 
elasticity of supply and developed an interesting relation be- 
tween the elasticity of supply and elasticity of demand. Pro- 
ceeding to an analysis of the relation between supply and cost 
of production, we pointed out the general condition of the cost 
curve, and the difference between the theoretical cost curve and 
the accounting cost curve, with which it is frequently confused, 
and between the cost curve and supply curve. Continuing our 
analysis, we noted that the shape of the total cost curve not only 
determines the shape of the corresponding supply curve but also 
enables us to state the laws of cost and the laws of relative cost 
in an unequivocal manner, and we derived the equations con- 
necting relative cost of production and elasticity of supply. Fi- 
nally, we noted that the simple functional relation between the 
cost of production curve and the supply curve makes it desirable 
to select a typical equation to the law of supply whose parame- 
ters shall reflect the connection of supply with the laws of cost, 
and we described briefly Professor Moore’s system of typical 
equations to the law of supply. 

But the supply curves which have been treated thus far are 
purely theoretical supply curves. Although they should throw 
important light on concrete inductive supply curves, they are 
not themselves based on the facts of any industry and they 
lack, therefore, the utility and interest which would attach to 
the concrete, statistical supply curves. How can statistical sup- 
ply curves be derived? How, for example, can the relation be- 
tween changes in the price and changes in the output of sugar 
be determined quantitatively? This is our next major problem. 


*° Op. cit., pp. 365-67. 


CHAPTER V 
THE LAW OF SUPPLY FOR SUGAR 


I. THE RELATION OF THEORY TO METHOD 


How, then, do we proceed to derive the law of supply? When 
one first begins to consider the many difficulties which beset this 
task—many more than were encountered in the problem of de- 
mand'—he is apt to conclude that it is impossible to derive the 
law of supply statistically. However, the situation becomes a lit- 
tle more hopeful and the inquiry is given a certain unity of pur- 
pose if we recall that the main object of the law of supply is to 
answer the question: ‘“‘What must be the change in price for a 
given year or period to call forth a given change in the supply?” 

But the change in supply may occur almost immediately 
after the change in price or only after the lapse of a considerable 
period of time, depending on the “period of production” of the 
commodity in question and on a good many other factors; and it 
is primarily this time interval which makes the task of deriving 
a statistical supply curve so much more difficult than that of a 
statistical demand curve. In deriving the demand curve for a 
given commodity, the question that we put to ourselves is, “What 
is the relation between the price for any given year (or period) 
and the consumption for the same year?” The statistical pro- 
cedure suggested by this question is to correlate consumption 
with price for identical years or periods. If, after allowing for 
the “disturbing factors” affecting our variables, we obtain a neg- 
ative correlation, suggesting that as prices rise consumption 
falls off, we are probably dealing with a true demand curve. 
But the question that we try to answer when we attempt to de- 
rive a supply curve, namely, “What is the relation between 


* See chapters ii and iii. 
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changes in prices and changes in production to which they give 
rise?” does not suggest a safe statistical procedure, for the rea- 
son that we can not tell a priori which are the prices that have 
called forth any given production, whether they are present 
prices, past prices, or estimated future prices. 

In reaching a decision on these questions some help may be 
dérived from economic theory if we recall’ that there is little or 
no theoretical justification for the assumption of the existence of 
negatively inclined supply curves in a régime of free competi- 
tion. This means that we shall not go wrong often if we reject 
all negative correlations between prices and production on the 
ground that they can not generally lead to a true supply curve, 
and direct our attention primarily to the positive correlations 
between prices and production. But even this criterion will not 
always lead to the true supply curve, for the reason that a posi- 
tive correlation between production and prices may often be 
obtained in several ways—say, by “lagging” prices behind pro- 
duction as well as by “lagging” production behind prices—and it 
is often difficult to decide on a priori grounds which is the proper 
method to follow. Furthermore, some commodities may be pro- 
duced for several years at a stretch at approximately the same 
rate even though their prices have fallen to a mere fraction of 
their former level and the production is carried on at a loss, for 
the simple reason that to curtail production would mean a still 
greater loss. For example, one planting of sugar cane yields 
from 4 to 10 crops of sugar in Cuba, Hawaii, and Porto Rico. 
The production of sugar in such countries may, consequently, 
show little response to price changes from one year to the next. 

The conclusion is, therefore, inescapable that, a positive cor- 
relation between the price and the production of a given com- 
modity does not necessarily indicate a true supply relationship, 
just as a negative correlation between the price and the con- 
sumption of a given commodity does not necessarily indicate a 
true demand relationship. The statistical results must be con- 


* See supra, pp. 113-14, 120. 


132 LAWS OF DEMAND AND SUPPLY 


firmed by “outside evidence” ; that is, they must admit of a rea- 
sonable explanation in terms of the technology of the industry or 
the commodity under consideration. 

If the “critical supply-price period,” i.e., the period during 
which prices have the greatest effect on production, is known, 
the next question that has to be decided is whether to express 
the supply price of our commodity as a function of only one va- 
riable, the quantity produced, or as an explicit function not only 
of the quantity produced but also of the prices of the factors of 
production—the cost of materials, the interest paid on borrowed 
capital, the wages paid to workmen, etc. If the commodity un- 
der consideration be an agricultural commodity, the adoption of 
the second method would almost certainly mean that the supply 
price would be expressed as an explicit function of (1) the acre- 
age planted, (2) the weather conditions, (3) the yield per acre, 
and (4) the other factors. The first method gives the dynamic 
law of supply in its simple form. The second method results in 
an expression for the dynamic law of supply comparable to “the 
dynamic law of demand in its complex form,” or equations (30) 
and (3c). 

There can be no doubt but that the second method of ap- 
proach is, in general, to be preferred, for it makes possible the 
use of the powerful tools of multiple and partial correlation to 
measure or to eliminate the effect of such disturbing factors as 
may be desired. However, in the problem immediately before 
us—how to deduce the supply curve for sugar—it will not be 
practicable to use the second method at the outset, because the 
“critical price period” and most of the necessary data are not 
known, or have to be determined, and for this preliminary work 
the first method, which involves the use of link relatives and 
trend ratios, is more practicable. Furthermore, it will be found, 
as the work progresses, that the simpler tools will yield results 
of approximately the same degree of accuracy as those obtained 
in the study of demand. 

If the “critical supply-price period” is known, and if it co- 
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incides with the “critical demand-price period,” this may mean 
that the same data must be used for deriving both the demand 
curve and the supply curve; and when this condition obtains 
there may result an approximation to the interesting relation 
between the two curves, to which reference has already been 
made.® 

Let us assume that there is perfect negative correlation 
(r=—1.0) between the relative prices and the relative* con- 
sumption of a commodity for identical “points” in time. From 
such two perfectly correlated series we can get a perfect demand 
curve, that is, a negatively inclined curve which describes all the 
observations, without exception. Since, by assumption, the de- 
mand price is also the supply price, this means that the same 
price to which consumers are adjusting their consumption at any 
given time also “calls forth” a given production at some later 
time—say, one year hence. That is, the price for any (small) in- 
terval of time during any given year is positively correlated with 
the production for the corresponding interval in the following 
year. If disturbing factors be abstracted, the correlation will be 
not only positive, but also perfect, or y—=-+1.0. From such a pair 
of perfectly correlated series we can get a perfect supply curve, 
that is, a positively inclined supply curve which describes all the 
observations. It can be shown, however, that if the two series 
are to give perfect correlations both for demand and (by lagging 
one of them) for supply, they must be periodic functions of time. 
Two series may be perfectly correlated for demand; but unless 
they are each composed of perfect and uniform “cycles,” they 
cannot be made to yield a perfect correlation for supply by the 
lagging process. Hence the assumptions that the “critical de- 
mand-price period” coincides with the “critical supply-price pe- 
riod,” and that the correlations for both demand and supply are 


* See supra, pp. 101-3. 


*By the term relative prices or relative consumption is meant prices or con- 
sumption referred to some “normal” as a base, in order to allow for disturbing 
factors. 


134 LAWS OF DEMAND AND SUPPLY 


perfect, is equivalent to the assumption that the price series and 
the quantity series are each periodic functions of time (see pp. 
IO0I-3. 


CORRELATION FOR DEMAND; r=-to 
Gy o— RELATIVE PRICES 


AAV NANA 
VV 


©--—~0RELATIVE PRODUCTION 


CORRELATION FOR SUPPLY; r=+/0 


o— RELATIVE PRICES 
eo-—--—0 RELATIVE PRODUCTION 


Fic. 28.—The “lag” method: correlations for demand and supply in a hypo- 
thetical self-contained economy, where the price and the quantity series are 
periodic functions of time. 


This may be best illustrated by a hypothetical example. 
Figure 28A shows a perfect inverse correlation (r——1.0) be- 
tween the relative prices of a commodity for a series of years 
and the relative production for the same years. (Both prices and 
production are hypothetical.) From such perfectly correlated 
series we get a perfect demand curve. To every change in price 
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there is a corresponding change in consumption, without excep- 
. tion. The two series are simple periodic functions of time. 

Figure 28B shows the same data as in Figure 28A, but with 
the production (consumption) series “lagging” behind the price 
series by one year. The correlation is perfect and positive 
(r=-+1.0). The two series give a perfect supply curve. To 
every change in price there corresponds a given change in pro- 
duction, allowance being made for the time interval that must 
elapse before production can respond to price changes. 

What makes possible the perfect correlation for supply is not 
the perfect correlation for demand, but the fact that the two 
series are each made up of uniform cycles. If this were not so, a 
perfect correlation for demand would not, by the lag method, 
also give a perfect correlation for supply. 

We are now in a position to see why, under the conditions 
assumed, the elasticity of supply tends to be numerically equal 
to the elasticity of demand.® Recalling that in the previous 
example the correlation of the data for the law of demand is 
7r==—1.0 and that the correlation of the data for the law of sup- 
ply is r=-++1.0, we have for the equations to the demand and 
supply curves: 


Vie XB 
Ox 
and ’ (29) 
Y=+" XG 


x 


respectively, where oc, is the standard deviation of the prices, 
ox the standard deviation of production, and B and C are con- 
stants. Since 


by (1), and 


° See supra, pp. 101-3. 
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by (17), we obtain 
lel =|] - (30) 


Of course, where the correlation between X (production) 
and Y (price) is not perfect for both demand and supply, the 
elasticity of supply will not be exactly equal to the elasticity of 
demand. But if the method of fitting demand and supply curves 
be adopted which takes into consideration errors in both varia- 
bles, e will tend to be approximately equal (numerically) to 
even when the correlation between the variables is not perfect. 

This “lag” method of deriving the supply curve is due to 
Professor Moore, who has used it to derive the law of supply for 
potatoes*°—a commodity with respect to which the United States 
is a self-contained economy. Using the method of trend ratios, 
Professor Moore finds that for the period 1900-1913 the corre- 
lation for the law of demand is y==—0.95 and the correlation for 
the law of supply is y=-+0.80. Professor Moore does not give a 
detailed explanation of his method, but an examination of the 
way in which he uses the same data to obtain both the demand 
curve and the supply curve leaves no doubt as to the rationale 
of it.” 

In connection with the application of the “lag” method to 
concrete problems, several points must be emphasized. 

1. The assumptions on which it is based render invalid its 
application to problems in which these assumptions are not 
realized—at least approximately. When these are not realized 
to a fair degree of approximation, the correlation of price with 
production “lagged” by one year (or other period) does not al- 
ways lead to the law of supply. Very often a higher positive cor- 
relation is obtained when the prices are “lagged” one year be- 
hind production, that is, when we correlate the production for 
the current year with the price for the following year. 

°“A Moving Equilibrium of Demand and Supply,” Quarterly Journal of 
Economics, XX XIX (May, 1925), 367-71. 


"For an application of this method to the derivation of the world-demand 
and supply curves for sugar, see infra, pp. 164-68. 
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When we correlate the price for the current year with the 
production for the following year (or production for the current 
year with the price for the preceding year), we are assuming, in 
fact, that the high or low production for any year is the result 
of the producers’ response to the high or low prices during the 
preceding year (or critical production period). When changes in 
weather conditions can be abstracted, and when the commodity 
under consideration is a semiperishable commodity like pota- 
toes, such an assumption is not unreasonable, for neither the 
commodity itself nor its factors of production are under monop- 
oly control, and there is a definite interval between one year’s 
crop and the next. Thus, Professor Moore finds, from the sta- 
tistics for 1900-1913, that for potatoes the correlation between 
the production-trend ratio of any given year and the price-trend 
ratio of the preceding year is y=-+0.80.*° Had he correlated the 
production trend ratio of the given year with the price trend 
ratio of the following year, that is, had he “lagged” prices behind 
production by one year, he would have found that the correlation 
is only r=-++0.38. The assumption that producers of potatoes in 
any one year are influenced by the prices of the preceding year 
is, therefore, well borne out. 

But such an assumption cannot safely be made when the 
commodity in question is a non-perishable world-commodity 
whose production is more or less continuous, or whose factors of 
production are in part or in whole under monopolistic control. 
For such a commodity it may well be that price follows produc- 
tion or that changes in price are synchronous with changes in 
production. 

2. The “lag” method for deducing supply curves cannot, as 
a rule, be applied directly to unadjusted data of prices and pro- 
duction which are affected by many disturbing factors. The data 
must first be adjusted for these disturbing factors. 

In short, the “lag” oracle is not infallible, when the neces- 
sary conditions (assumptions) are not realized; it will some- 


* Moore, op. cit., p. 368. 
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times be dumb, sometimes ambiguous, and sometimes lie. Nev- 
ertheless, it is not without its uses, especially in connection with 
a general study of the industry or commodity under considera- 
tion. 


II. THE RELATION OF DATA TO METHOD 


The three questions that present themselves as soon as we 

attempt to deduce the statistical law of supply for sugar are: 
(1) What shall be taken as the “supply” of sugar in the United 

States? (2) What is the critical supply-price period? (3) Which 
of the several price series is most logically related to the sup- 
ply? 

1. The sugar consumed in the United States is derived part- 
ly from domestic production (beet and cane), partly from im- 
ports from insular possessions on which no duty is levied, and 
partly from imports from the rest of the world on which the full 
duty is levied. Table I of Appendix III, shows the production, 
imports, and consumption of sugar in the United States for the 
years beginning July 1, 1902-14. The same data, together with 
the world-production, are also shown graphically in Figure 29. 
Which of these series—domestic production, imports from insu- 
lar possessions, net imports from foreign countries, or the sum of 
the three (i.e., domestic consumption, approximately )—-shall be 
taken as ‘“‘the quantity supplied” for the purpose of deducing the 
statistical law of supply? 

2. The critical supply-price period, if there be one, is af- 
fected by many factors. Some of these are related to the custom 
which prevails in the sugar industry of paying beet and cane 
farmers a basic price, plus a sliding scale increment, based on 
the price received by the factory for refined sugar. 

In the beet-sugar industry, contracts are made between the 
factories and the growers as early as December, preceding plant- 
ing season. The acreage planted may, therefore, depend to some 
extent upon the prices prevailing during the preceding winter. 
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The planting of beets takes place during April and May; and if 
the price of sugar is not high enough at this time, the contracts 
may be repudiated. Furthermore, if the price of sugar falls to an 
unprofitable level during the growing season, part of the acreage 
planted to beets may be abandoned. 

In Louisiana, conditions are entirely different; there a single 
planting of cane yields two or three crops of sugar. The acreage 
devoted to cane cannot therefore be readily curtailed in the 
event of adverse price movements. 

Both the cane crop of Louisiana and the beet crop of the en- 
tire country must be put through the mills each year. There can 
be no carry-over of cane or beets such as exists in Cuba and in 
other places. In both Louisiana and the rest of the country, but 
especially in the former, variations in production in some years 
may be due more to changes in weather conditions than to 
changes in the acreage planted. 

In Porto Rico, Hawaii, Cuba, and the Philippines, from four 
to ten crops of sugar are harvested from each planting of cane. 
Production in these regions may therefore be even less respon- 
sive to changes in price than is the United States’ production. 
Furthermore, if the price of sugar is considered unprofitable 
during the grinding season, the cane may be left in the fields 
until the following year. Planting is done both in the spring and 
fall so that high prices in either season may result in an increased 
acreage. The effect of the increase, however, may not be felt 
until one, two, or three years after the planting. Thus in the 
spring of 1923, the high price of sugar stimulated planting in the 
cane countries, and the result was heavy sugar production in 
1925 and 1926. 

Since the conditions obtaining in the several areas of pro- 
duction are far from uniform, what is the critical supply-price 
period? How shall the individual (monthly or weekly) price 
quotations be averaged so as to obtain the average price which 
has the greatest effect on production? Shall the average be for 
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the planting-season, the harvesting-season, the calendar year, 
the fiscal year?® 

3. The various price series at our disposal also raise several 
questions. There are retail prices and wholesale prices; and of 
the latter, prices of raw sugar and prices of refined sugar. There 
are prices for the New York market and prices for other markets. 
Table II of Appendix III shows a basic price series—the New 
York wholesale prices of granulated sugar, by months, 1902-14. 
The same prices are also graphed in Figure 30. In Table IIA of 
the same Appendix, averages of these monthly prices are shown 
for the years beginning July 1, for the eight months from Octo- 
ber to May, and for the six months from January to June. 
Which of these prices are best for our purposes? 

Some of these questions would not have arisen at all had the 
United States been a self-contained economy with respect to sug- 
ar, for then production would have been equal to consumption 
and there would not have existed such a complex of price rela- 
tionships as are actually found in the sugar market. The de- 
mand-supply problem is much simpler in a closed economy.*° In 
view of this it may be worth while to find out whether, in spite of 
the fact that the United States is not a closed economy with re- 
spect to sugar, the total consumption of sugar in any one year 
may not be looked upon as the “supply” called forth by the price 
for the preceding year (or period), and thus permit the use of 
the method applicable to a true closed economy?™ For, should 


°® There is also the related question of the kind of average that is appropri- 
ate—the arithmetic mean, the geometric mean, the harmonic mean, the median, 
etc. For the discussion of this question see Holbrook Working, “Factors Deter- 
mining the Price of Potatoes in St. Paul and Minneapolis,” University of Minne- 
sota Agricultural Experiment Station, Technical Bulletin No. ro (October, 1922), 
pp. 9, 10. In the present study, however, the question of the type of average is 
of minor importance when compared with those discussed above. We shall, 
therefore, use the unweighted arithmetic mean of the monthly price quotations. 

*° See pp. 101-3, 132-37. 

™ Of course, stocks carried over from one year to the next, as well as varia- 
tions in the acreage planted and in weather conditions ought to be taken into 
account, but unfortunately, statistics on these subjects are not available for the 
entire period covered by this study of supply. 
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the “lag” method give good results in this experiment, may it not 
also throw some light on the various questions that have just 
been raised? Let us see. 

In deducing the law of demand for sugar, four pairs of series 
have been used relating to consumption and prices for the cal- 
endar years 1890-1914. These were (1) the link relatives of the 
unadjusted data of consumption and prices, (2) the trend ratios 
of the unadjusted data of consumption and prices, (3) the link 
relatives of the adjusted data of consumption and prices, (4) the 
trend ratios of the adjusted data of consumption and prices. 

To obtain a law of supply from each of the four pairs of se- 
ries, all we have to do is to correlate the prices (link relatives or 
trend ratios) for the given years with the consumption (link rel- 
atives or trend ratios) for the following years, i.e., to “lag” con- 
sumption behind prices. The correlations are as follows: 

(1) For the link relatives of the unadjusted data, r=-+0.43, as compared 
with the correlation for demand of r=—o.68. 

(2) For the trend ratios of the unadjusted data, r=-+o.01, as compared 
with the correlation for demand of r=—o.78. 

(3) For the link relatives of the adjusted data r=-+-0.32, as compared with 
the correlation for demand of r=—o0.67. 


(4) For the trend ratios of the adjusted data, r=—o.10, as compared with 
the correlation for demand of r=—o.79. 


Reference to their standard errors shows that the correla- 
tions for supply are not statistically significant, with the probable 
exception of the first. It is clear, then, that the quantity of su- 
gar consumed in any one year cannot be taken as equivalent to 
the quantity of sugar supplied in the same year. We must, there- 
fore, break up the problem into its constituent parts. We must, 
in short, answer the various questions about the data that have 
been raised above. And we must do it under a serious handicap 
—lack of information on carry-over, acreage planted, and weath- 
er conditions. 

Let it be admitted at the outset that under these conditions 
no purely a priori answers are possible. We must experiment 
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with the various series relating to quantities and the various se- 
ries relating to prices in order to determine which pair of price 
and quantity series gives the most significantly correlated re- 
sults. 

In the following pages we shall present the results of some 
of the many experiments that have been suggested by the prob- 
lem of the law of supply of sugar. More specifically, we shall 
{ind the correlation of each of the three series: 

X,=domestic production (link relatives), 

X,=imports from insular possessions (link relatives), and 

X,=domestic production and imports from insular possessions (link 

relatives) 
with 

Y,=average of the prices for the twelve months of the fiscal year July 

to June (link relatives), 

Y,=average of the prices for the eight months October to May (link 

relatives), and 

Y,=average of the prices for the six months January to June (link 

relatives) 


for various lags. The three quantity series (together with other 
related series) are graphed in Figure 29, and the three price se- 
ries are graphed in Figure 31. 

From these correlations we shall derive several supply 
curves and show their relation to the world supply curve for 
sugar. 

The selection of the three periods for which to average the 
monthly prices has been dictated by the following. considera- 
tions: (1) The fiscal year beginning July 1 is the year for which 
the production statistics are published by the Department of 
Agriculture. (2) The eight months October to May are the 
months during which sugar is being harvested in one or more of 
the great producing-regions of the world. (3) The six months 
from January to June are the months during which practically 
all of our imports of sugar reach this country. Furthermore, the 
average price for these six months is not markedly different from 
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that for the first half of this period, or for the three months 
from January to March, so that any conclusion which applies to 
the former also applies to the latter. This is important in view 
of the fact that the three months in question immediately pre- 
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Fic. 31.—Averages of the New York monthly prices of granulated sugar for 
the year beginning July 1 (Y;), for the eight months beginning October x (V2), and 
for the six months beginning January x (Y3), 1902-14. 


cede the planting-season and they may, therefore, constitute a 
“critical supply-price period” for United States production. 

Only the method of link relatives will be used in the follow- 
ing correlations, as the many series which had to be studied— 
and of these only a small proportion are treated in the follow- 
ing pages—made it impracticable to use any but the simplest 
methods. 


Furthermore, as it will be desirable in a later chapter to ap- 


146 LAWS OF DEMAND AND SUPPLY 


ply some of our results to a tariff problem, the analysis will have 
to be confined to a period during which there was no change in 
the tariff on sugar. The longest period since 1890 fulfilling this 
condition is that from December 27, 1903, to March 1, 1914, 
during which the full duty on 96° centrifugals remained con- 
stant at 1.685 cents per pound. The beginning of this period is 
the date on which the act of December 17, 1903 became effective, 
giving Cuban sugar a 20 per cent reduction from the full duty 
rate; the end of this period is the date on which the act of Octo- 
ber 3, 1913, became effective, reducing the duty on all sugar im- 
ports by approximately 25 per cent. However, in most of the 
correlations which follow, the analysis will cover a slightly longer 
period—that from July 1, 1903, to June 30, 1914—which is 
taken as equivalent to the foregoing. This is done for the fol- 
lowing reasons: 

1, All of the quantity series and some of the price series 
used in this study of supply are given by fiscal years beginning 
July 1. To have excluded from the computations the data for the 
entire fiscal years 1903 and 1913 on the ground that during a 
part (less than half) of each of these years a different tariff was 
in force would have meant a reduction in the number of observa- 
tions from 11 to g and a corresponding decrease in the signifi- 
cance of any correlation coefficients or other constants deduced 
from them. 

2. To have excluded the data for the two years in question 
would have still further reduced the number of observations 
available for experimentation with the “lag” method. 

3. A graphic comparison of all the data shows that the ob- 
servations for these two years fluctuate in about the same way 
as all other observations (see, for example, Figs. 32, 33, and 34). 

In Tables I, IA, II, and IL A of Appendix ITI, the data are 
presented for a somewhat longer period than the eleven years be- 
ginning July 1, 1903, in order to allow for the loss of end years 
incident to the use of the link relative and the “lag” methods. 
The exact period covered by each correlation is given in Tables 
VI-IX of the text. 
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Ill. THE LAW OF SUPPLY FOR SUGAR DERIVED FROM 
DOMESTIC PRODUCTION X, 
I. CORRELATIONS BETWEEN DOMESTIC PRODUCTION Xx, AND THE 
THREE PRICE SERIES, Y,, Y,, AND Y, 

Let us consider first the correlations between fiscal-year 
prices Y, and domestic production X,. 

The correlation between Y, for any given year and X, for 
the following year is y—=—o0.51. This is a surprising result, for, 
from what is known of the methods by which beet and cane farm- 
ers are paid,** we should expect high prices to call forth high pro- 
duction, and low prices low production; that is, we should ex- 
pect a positive correlation between prices for any given year and 
the production for the following year. The negative sign of the 
correlation suggests that we are on the wrong track, for the 
short-time supply curve, the one which we are attempting to de- 
rive, cannot normally have a negative slope,** even if the long- 
time supply conditions are such that an increase in output is ac- 
companied by a decrease in the price. We must, therefore, try 
other ways of correlating the series under consideration. 

The correlation between Y, for any given year and X, for 
the same year is positive, r being +-0.49; and the correlation be- 
tween VY, for any given year and X, for the preceding year is 
negative, r being —o.59. These results indicate that the domes- 
tic supply curve must be deduced from prices which fall within 
the same year as production. This does not mean, however, that 

“«The Price of Sugar Affects the Cost of Producing Sugar. The reason why 
so great a disparity hinges on the choice of year calls for explanation. It is due 
chiefly to the custom of paying for raw material, cane or beets, a price dependent 
on the price of sugar. In Cuba the centrals pay the colonos for cane in terms of 
so many pounds of sugar (at the f.o.b. Cuban port price) per ton of cane, the 
price being the average of the prices within two weeks of the delivery of the cane. 
A similar method prevails in Louisiana and Porto Rico. Beet farmers are paid a 
basic price plus a sliding scale increment based on the price received by the fac- 
tory for refined sugar. In the Hawaiian Islands also laborers receive a basic wage 


plus a bonus graduated according to the price of sugar” (Philip G. Wright, Sugar 
in Relation to the Tariff, pp. 139-40). 


** See pp. 113-14, and 120. 
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the average of the prices for the twelve months of the fiscal year 
will necessarily give the best results. The supply-demand rela- 
tionship may be such that the price for a particular month or 
season may have no measurable influence on production, or that 
the price for some months may have an important influence on 
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Fic. 32.—Positive correlation between the link relatives of the average whole- 
sale prices of sugar for the eight months beginning October 1 (Y.) and the link rela- 
tives of the annual United States production of sugar (X1), 1903-13. 


cane production without appreciably affecting beet production, 
and conversely. 

Table VI shows the results obtained by substituting, suc- 
cessively, for the fiscal-year prices (Y,) used in the foregoing 
correlations the prices for the eight months October to May 
(Y.), and the prices for the six months January to June (Y3). 
The reason for using these series has already been stated.** One 
of these correlations—that between Y, (1903) and X, (1903 )— 
is also shown graphically in Figure 32. 


* See pp. 144-45. 
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In interpreting the data of Table VI, it should be borne in 
mind that the fact that a given average price is not based on all 
of the twelve monthly quotations does not necessarily mean that 
such an average is less typical of the (unknown) true average 
supply-price than is the one based on the quotations for all the 
twelve months. In fact, it may be the most logical average to use 
for our purposes if the quotations on which it is based are for the 
months during which the price-making forces are most active. 


TABLE VI 


CORRELATION COEFFICIENTS BETWEEN DoMeEsTIC PRODUCTION Xi AND THE 
THREE Price Series Yi, Y2, AND Ys, FoR VARIOUS Lacs* 


Series Correlated Coefficient of 

Correlation, 7 
Verges) rand Xen (f00A) ieee. ee ee) a 0.5% 
Ver i903) and: Xen(eo03) Niemen es O40 
Vey (n904)) andeXen(@g03)iN nl =e = 0:50 
 Geoos ander (hoodie Ns OBE 
Vz, hoe 3) ang eXeu (E003) ware ec eels ete be) 10.54. 
Ve (gos randeXea(oo3) ene ne a 0:03 
VenG@ooa rand: Xae(@ngo4)\Wa yea 0:40 
VaiGooa)jandexey(@o03)iN en 2 6 Ef-0.60 
Wen 1QO4 and! Xe (LOOZ) Ne a Le nae) tam 0:00 


*The figures in the brackets indicate the first year of each of the correlated series under 
consideration. Thus, Y; (1903) means the average price for the fiscal year beginning July 1, 
1903; X, (1904), the domestic production for the fiscal year beginning July 1, 1904; V2 (1903), 
the average price for the eight months beginning October 1, 1903 (i.e., October 1, 1903, to May 
30, 1904); Vs (1904), the average price for the six months beginning January 1, 1904. Both 
prices and production are in terms of link relatives. Each pair of correlated series covers a pe- 
riod of ten or eleven years, depending on whether a lag of one year was, or was not, used in the 
correlation. See Tabies I A and II A of Appendix III. 


Table VI and the data on which it is based suggest the fol- 
lowing conclusions: 

(1) Whichever prices are used, a positive correlation be- 
tween sugar prices and sugar production (domestic) is obtained 
only when the two series are synchronous. When either series is 
“Jagged” behind the other by one year the correlation is nega- 
tive. The “lag” method, which is likely to give good results in a 
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self-contained economy, is thus found to be inapplicable to the 
problem under consideration. 

(2) A better understanding of the relation between changes 
in price and changes in production might have been obtained 
from a study of the relation between changes in price and 
changes in the acreage planted to sugar; but, as was already 
pointed out, no data on this subject can be found previous to 
IQI4-I5. 

(3) There appears to be no significant correlation between 
changes in the acreage harvested (beets) and changes in the av- 
erage price for the quarter immediately preceding the planting 
season, or between changes in the acreage harvested and any of 
the price series Y,, Y., or V3. 

(4) If the relation between the domestic production and 
any of the three price series be a causal one, then high or low 
prices are not the sole cause of high or low production, for 7 has 
a value of only —o.5 or —o.6. Factors other than price may 
often exert a deciding influence on domestic production, and 
these factors ought to be accounted for in any investigation hav- 
ing in view the forecasting of production or prices. 

(5) If there be a causal relation between high or low prices 
for any given year (either Y,, Y., or Y;) and high or low produc- 
tion in the same year, it is evident that changes in prices may ef- 
fect changes in production after the crop has been planted. How 
is this possible? The hypothesis that suggests itself is this: 
When prices are high, beet farmers will spend more time and la- 
bor in cultivating their beets, thus increasing the yield, and cane 
farmers will cut more cane; and conversely when prices are low. 
Cane farmers, especially, ought to be able to adjust their output 
to prevailing prices, either by varying the amount of cane left 
for seed or by advancing or retarding the harvesting-season. 
For example, if the price of sugar is high, cane in the tropics 
may be harvested when a year old; and if the price of sugar is 
low, the harvesting may be delayed for several months. But any 
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adjustment of production to prevailing prices can, of course, 
take place within certain limits only.** 

(6) Judged by the magnitude of the three positive correla- 
tion coefficients, Y, and Y; appear to have a somewhat greater 
effect on X, than does Y,. But the difference between any two 
of these coefficients is not statistically significant.*® 


2. EQUATIONS BETWEEN DOMESTIC PRODUCTION Xe AND THE THREE PRICE 
SERIES, Y,, Y,, ANDY, 

The “lines of best fit,” or the “lines of mutual regression,” 
giving the most probable relation between changes in domestic 
production (X,) and changes in each of the three price series 
are, for the positive correlations: 


VY,=0.9899X:1—0.055 (31) 
Y,=1.5142X:—0.613 (32) 
Y,=1.5055X:1—0.606 (33) 


the origins being 0,0. 

These equations mean that, based on the experience from 
1903 to 1913, an increase (or decrease) of one point (or, rough- 
ly, r per cent) in the link relative of the domestic production 
(beet and cane) is, on the average, associated with an increase 
(or decrease) of 0.99 of one point in the relative price for the fis- 
cal year and with 1.51 points in the relative prices for October to 
May, and January to June, respectively. Another way of saying 


** This hypothesis is considered reasonable by Dr. C. O. Townsend, chief of 
the Sugar Division, U.S. Tariff Commission, and Mr. Lester D. Johnson, U.S. 
Sugar Association, Washington, D.C. I am indebted to these gentlemen for ad- 
vice on the selection of some of the series employed and for information on the 
technical phases of the industry. I am also indebted to Professor John H. Cover, 
University of Denver, for valuable information. 

7° When the observations are as few as those on which these correlations are 
based, it is not advisable to give “probable errors,” though recourse may be had 
to the powerful tools provided in R. A. Fisher’s Statistical Methods for Research 
Workers (London, 1025), for testing the significance of constants computed from 
small samples. Such conclusions as are attached in the following pages from the 
various correlations for supply are based more on the variety of methods and 
data used than on the significance of any coefficient of correlation (or other con- 
stant) with respect to its probable error. 
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the same thing is that an increase (or decrease) of one point in 
the relative price for the fiscal year is, on the average, associated 
with an increase (or decrease) of 1/0.9899=1.01 points in the 
relative production; and that an increase (or decrease) of one 
point in either the relative price for October to May or the rela- 
tive price for January to June is, on the average, associated with 
an increase (or decrease) of only 1/1.51=0.66 of a point in the 
relative production. 

By means of these equations it is possible to estimate the 
probable change in domestic production corresponding to a giv- 
en change in any of the three price series, and conversely.” 

The same equations may also be readily expressed in terms 
of absolute quantities and prices. They then afford a measure of 
the shifting of the domestic supply curve as a result of dynamic 
changes.** 


3. COEFFICIENT OF ELASTICITY OF THE DOMESTIC SUPPLY 


The coefficient of the elasticity of supply is 


ee (34) 
dY X 
where X and JY are the link relatives of production and prices, 
respectively.” 
Applying this definition to equations (31), (32), and (33), 
we have 


6 eee reee (35) 

11 6 9899 be: 35 
I i 

Oo year X; ? (36) 
as. See 

“x3 T5055 Xo (37) 


* For an illustration of the method as applied to the law of demand see 
PP. 39-40, 74. 

*For an illustration of the method as applied to the law of demand, see 
PP. 40-42, 74-76. 

* The proof is the same as for 7 which is given on p. 45. 
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respectively. These are all increasing functions of price; the 
elasticity of supply is higher for high prices than for low prices.” 

At the point on each supply curve whose co-ordinates are 
the arithmetic means of the link relatives,”* the coefficients have 
the following values: 


exyy,= $0.95 ; (352) 
ex,y,= +0.62 , (36a) 
ex,y,= +0. 63 « (37¢@) 


These figures mean that, based on the average experience of 
1903-13, an increase (or decrease) of I per cent in the average 
price of sugar for any year is accompanied by an increase (or 
decrease) of 0.95 of 1 per cent in the domestic production for 


*° The elasticity of supply is, by definition, 
‘<= ee ; 


where Y=a-+ bX is the supply function. 
In this function b>o0 always, while aSo. Whether e is an increasing, con- 


stant, or decreasing function of X depends, therefore, upon whether ao. Since, 
in equations (31), (32), and (33), ao, the coefficients of the elasticity of supply 
deduced from them must be increasing functions of the output (X). And since 
the output is an increasing function of the price (Y) the elasticities of supply are 
also increasing functions of Y. 

If the straight line Y=a-+b6X is used to represent the demand function, 
a>o, b<o. The elasticity of demand, 7, then becomes 


iS wx +1. 

Since the price of a commodity can never fall to zero, {a]>|bX|. Like the elastic- 
ity of supply, the elasticity of demand is an increasing function of X. But since 
the elasticity of demand is negative for all values of X, this means that its abso- 
lute value decreases as X increases. That is to say, when the law of demand is 
represented by a straight line, the elasticity of demand (absolute value) is higher 
for low consumption or high prices than for high consumption or low prices. 
However, the conclusions reached in this study regarding the changes in the elas- 
ticity of demand as we go from one point to another on the demand curve, were 
never based on straight-line demand functions only. See Figures 13 and 23. 


* The arithmetic means of the four variables are: X:1=1.063, Y:=0.908, 
Y:=0.997, and Y;~o.995. 
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the same year; that an increase (or decrease) of 1 per cent in 
the average price for the eight months October to May is ac- 
companied by an increase (or decrease) of 0.62 of 1 per cent in 
production; and a change of 1 per cent in the average price for 
the six months January to June has the same effect” as a change 
of I per cent in the average price for October to May. 

Considering, however, the paucity of observations, it is prob- 
able that there is no statistically significant difference between 
these coefficients. 


IV. THE LAW OF SUPPLY FOR SUGAR DERIVED FROM IMPORTS 
FROM INSULAR POSSESSIONS X2 
I. CORRELATIONS BETWEEN IMPORTS FROM INSULAR POSSESSIONS X, AND 
THE THREE PRICE SERIES, Y,, Y,, AND Y, 

The correlations between each of the three price series and 
the imports from our insular possessions are shown in Table 
VII. One of these—that between Y, (1903) and X, (1903 )—is 
also represented graphically in Figure 33. 

From Table VII it will be observed that— 

(1) The signs of the various coefficients of correlation are 
the same as the signs of the corresponding coefficients in Table . 
VI; that is to say, whichever price series is used, a positive cor- 
relation between sugar prices and imports from insular posses- 
sions is obtained only when the two series are synchronous. 
When either series is “lagged” behind the other by one year, the 
correlation is negative. The “lag” method which gives good re- 
sults under certain conditions is thus found to be inapplica- 
ble to imports from insular possessions as well as to domestic 
production. 

(2) All the coefficients are higher than the corresponding 
coefficients in Table VI, which means that imports from insular 
possessions are more closely responsive to price changes than is 
domestic production. This, however, is probably due to our fail- 
ure to treat separately the effect of various price changes on 


” That is, on the production for the year ending in the same June. 
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domestic beet production and cane production and on the ex- 
ports from each of our insular possessions—Hawaii, the Philip- 
pines, and Porto Rico. 

TABLE VII 


CORRELATION COEFFICIENTS BETWEEN Imports FROM INSULAR Possessions X2, 
AND THE THREE Price Serres, V1, Y2, AnD Ys, FoR Vartous Lacs* 


Coefficient of 


Series Correlated Correlation (r) 
ViiGrges) andexer(nooa)ire et ie, 2. se) en 0107 
VY (@oos) andi Xe(@n003)) a ee | s H0.75 
Y..(ago4)iand (8003) sk w= 0.38 

Y, (1903) and X, (1904) ee GA ee eee OUT 
Vin (oos) rand eXen(zg03)) yi 4% =) 6s | 3 f-0.72 
Y,, (1904) and X, (1903) 2 hoes Co ee s0u4 
Voi(eo04) and Xn(to04) se) nw ie = 003 
VeWiood) and. (t903) | fn ay) «| eat O.64 
Vea(toos)andiaeoo2). ee. Foner 


*The figures in the brackets indicate the first year of each of the correlated series under 
consideration. Thus, ¥Y; (1903) means the average price for the fiscal year beginning July 1, 
1903; Xz (1904), the imports from the insular possessions for the fiscal year beginning July 1, 
1904; V2 (1903), the average price for the eight months beginning October 1, 1903 (i.e., Oc- 
tober 1, 1903 to May 30, 1904); Ys (1904), the average price for six months beginning Janu- 
ary’ 1, 1904. Both prices and imports are in terms of link relatives. Each pair of correlated 
series covers a period of ten or eleven years, depending on whether a lag of one year was, or 
was not, used in the correlation. See Tables IA and IIA of Appendix III. 


(3) If there be a causal relation between high and low 
prices for any given year and imports from insular possessions 
in the same year, it probably means that when domestic prices 
are high, sugar-growers in our insular possessions will cut, grind, 
and export a greater part of their crop than when prices are 
low.”* 


2. EQUATIONS BETWEEN IMPORTS FROM INSULAR POSSESSIONS IG AND 
THE THREE PRICE SERIES, Y,, Y,, AND Y, 
The “line of best fit” giving the most probable relation be- 
tween changes in imports from insular possessions (X.) associ- 


*® See pp. 140, 150-51. 
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ated (positively) with changes in each of the three price series 
are: 


V,=0.8890X.+0.052 , (38) 
YV,=1.2217X2,—0. 302, (39) 
VY3=1.2973X2—0.380 , (40) 


the origins being at 0,0. 
These equations mean that, based on the experience from 
1903 to 1913, an increase (or decrease) of one pom? (or roughly 


LINK 
RELATIVES omen PRICES, AVERAGE EIGHT MONTHS BEGINNING OcT. 1 
1.30 oes (PORTS FROST INSULAR POSSESSIONS, YEAR BEGINNING JULY 4 


1.20 


410 


1.00 j 


-/0 
1903 /90% /905 /906 /907 1/1908 /909 /9/0 /9// /9/2 /9/3 


Fic. 33.—Positive correlation between the link relatives of the average whole- 
sale prices of sugar for the eight months beginning October 1 (Y2) and the link rela- 
tives of the annual imports of sugar into the United States from insular possessions 
(X2), 1903-13. 


I per cent) in the link relative of the imports from insular pos- 
sessions is, 07 the average, associated with an increase (or de- 
crease) of 0.89 of 1 point in the relative price for the fiscal year; 
with 1.22 points in the relative price for October to May; and 
with 1.30 points in the relative price for January to June. An- 
other way of saying the same thing is that an increase (or de- 
crease) of one point in the relative price for the fiscal year is as- 
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sociated with an increase (or decrease) of 1/0.8890=1.12 
points in the relative imports; that an increase (or decrease) of 
one point in the relative price for October to May is, on the av- 
erage, associated with an increase (or decrease) of only 
1/1.2217=0.82 of a point in the relative imports; and that an 
increase (or decrease) of one point in the relative price for Jan- 
uary to June is, on the average, associated with an increase (or 
decrease) of only 1/1.2973=0.77 of a point in the relative im- 
ports. 

By means of these equations it is possible to estimate the 
probable change in the imports from our insular possessions cor- 
responding to a given change in any of the three price series and 
conversely.”* 

The same equations may also be readily expressed in terms 
of absolute imports and prices. They then afford a measure of 
the shifting of the supply from our insular possessions as a result 
of dynamic changes.” 


3. COEFFICIENT OF ELASTICITY OF THE SUPPLY FROM OUR 
INSULAR POSSESSIONS 


Applying the definition of the elasticity of supply given in 
(34) to equations (38), (39), and (40), we have— 


I Y, 


®xa¥1 6 8890 De ? (41) 
ie BS 

Pxa¥a a 9017 Xa’ (42) 
pee aS 

me gas? (43) 


The first of these coefficients is a decreasing function of price; 
the next two are increasing functions of price. (See note 20, 
p. 153.) 

* For an illustration of the method as applied to the law of demand, see 
PP. 39-40, 74. 

* For an illustration of the method as applied to the law of demand, see 
PP. 40-42, 74-76. 
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At the point on the supply curve whose co-ordinates are the 
arithmetic means of the link relatives,”* the coefficients have the 
following values: 


ex,y;= $1.05 , (41a) 
€x,7,— ato. 77> (42a) 
€x,7,= +0.72 - (43a) 


These figures mean that based on the average experience of 
1903-13, an increase (or decrease) of 1 per cent in the average 
price of sugar for any year is accompanied by an increase (or 
decrease) of 1.05 per cent in the imports from our insular pos- 
sessions; an increase (or decrease) of 1 per cent in the average 
price for the eight months October to May is accompanied by an 
increase (or decrease) of 0.77 of 1 per cent in our imports from 
our insular possessions; while an increase (or decrease) of 1 per 
cent in the average price for the six months January to June is 
accompanied by an increase (or decrease) of only 0.72 of 1 per 
cent in the imports from our insular possessions.” Considering, 
however, the paucity of observations, it is probable that there is 
no significant difference between these coefficients. 


Vv. THE LAW OF SUPPLY FOR SUGAR DERIVED FROM DOMESTIC 
PRODUCTION AND IMPORTS FROM INSULAR POSSESSIONS X3 
I. CORRELATIONS BETWEEN DOMESTIC PRODUCTION PLUS IMPORTS FROM 
INSULAR POSSESSIONS X, AND THE THREE PRICE SERIES, Y,, Y,, ANDY, . 
The correlation between each of the three price series and 
the supply of sugar derived from domestic production and im- 
ports from insular possessions are shown in Table VIII. One of 
these—that between Y. and X,;—is also shown in Figure 34. 
The conclusions suggested by Table VIII might have been 
foreseen from the consilience of the results of Table VI and Ta- 
ble VII. They are: 


* The arithmetic mean of X2 is X2=1.064. The arithmetic means of the 
other variables are given in footnote 21. 


* That is, in the imports for the year ending in the same June. 
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TABLE VIII 


CORRELATION COEFFICIENTS BETWEEN Domestic Propuction Pius Imports 
FROM INSULAR PossESSIONS Xs AND THE THREE PRICE SERIES, 
Y:, Y2, AND Y3, FoR Vartous Lacs* 
Coefficient of 


Series Correlated Correlation (7) 
We(903)) andexen(@o04) se) ak) asa = 0:30 
Fai(r903) andes (@eo3)e a) 4) ae t-0.76 
¥, @rgoa)and-XiyG@io0g)) 2 0 s  —0.54 
Ve (003) andexn(roea)iN Ss ee ye 20.33 
Vagos) randex. (2903) vas Sail) alien een =O.77 
Ver Grooa and’, (2003) ta My, | ey 0.58 
Ve (noo) rand eXei(z904)) = 0128 
Vea(ood)randac (003) 5 3 ete EOS 
Ve Guood vandexen (T902)) wh 8. ed. f—-0104 


* The figures in the brackets indicate the first year of each of the correlated series undet 
consideration. Thus, Y; (1903) means the average price for the fiscal year beginning July 1, 
1903; Xs (1904), domestic production and imports from our insular possessions for the fiscal 
year beginning July 1, 1904; Vs (1903), the average price for eight months beginning October 
I, 1903 (i.e., October 1, 1903 to May 30, 1904); Vs (1904), the average price for the six 
months beginning January 1, 1904. Both prices and domestic production and imports from in- 
sular possessions are in terms of link relatives. Each pair of correlated series covers a period of 
ten or eleven years, depending on whether a lag of one year was, or was not, used in the corre- 
lation. See Tables I A and II A of Appendix III. 


(1) Domestic production and imports from insular posses- 
sions taken together are quite responsive to price changes. How- 
ever, no significantly different coefficients are obtained by sub- 
stituting Y, or Y; for VY. 

(2) Production and imports from insular possessions for 
any one year respond to price changes in the same year. This 
does not mean, however, that the same prices have the same ef- 
fect on the imports from the various sources. High prices for 
January to June, for example, may call forth big imports from 
Hawaii and the Philippines, but have little effect on the imports 
from Porto Rico.”* 

(3) The positive, and for our purposes the significant, co- 


* The author is indebted to Mr. Lester D. Johnson, United States Sugar As- 
sociation, Washington, D.C., for pointing out this fact. 
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efficients of correlation are somewhat higher than the corre- 
sponding coefficients in Tables VI and VII. This indicates that 
slightly better results are obtained by combining domestic pro- 
duction and imports from the insular possessions than by treat- 
ing them separately. 


LINK 
RELATIVES 
1.30 ese PRICES, AVERAGE EIGHT (lonTHS BEGINNING OcT.1 
= == =— Domestic Proouction Aino, IMPORTS FROM INSULAR 
POSSESSIONS, YEAR BEGINNING JULy I 


ee 
HAN TARTAT 
ANNES SONYA 
ET MAST AY | Nici 


-70 
1903 190% /905 1906 1907 /908 /909 /9/0 /91f /9/R 19/3 


Fic. 34.—Positive correlation between the link relatives of the average whole- 
sale prices of sugar for the eight months beginning October 1 (Y2) and the link rela- 
tives of the combined annual United States sugar production and imports from in- 
sular possessions (X3), 1903-13. 


2. EQUATIONS BETWEEN DOMESTIC PRODUCTION PLUS IMPORTS FROM INSULAR 
POSSESSIONS X, AND THE THREE PRICE SERIES, Y,, Y,, ANDY, 

The “lines of best fit” giving the most probable variation 
between changes in the supply derived from domestic production 
and imports from insular possessions (X,) and changes in each 
of the three price series are: 


VY,=1.2016X,—0. 284 , (44) 
Y,=1.6110X;—0.712, (45) 
Y;=1.6796X;—o. 787 , (46) 
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the origins being at 0,o. These equations, which are based on the 
experience from 1903-13, mean that an increase (or decrease) 
of one point (or roughly 1 per cent) in X, is, on the average, as- 
sociated with an increase (or decrease) of 1.20 points in Y,, 
with 1.61 points in Y., and with 1.68 points in Y;. Another way 
of saying the same thing is that an increase (or decrease) of one 
point in the relative price for the fiscal year is, on the average, 
associated with an increase (or decrease) of 1/1.2016=0.83 of 
one point in the relative supply from the two sources in question. 
When the relative price for the eight months October to May is 
substituted for Yi, the change is 1/1.6110=0.62 of one point. 
When the relative price for January to June is substituted for 
Y,, the change is only 1/1.6796=0.60 of one point. 

These equations enable us to estimate the probable change 
in the supply derived from domestic production and imports 
from insular possessions corresponding to a given change in any 
of the three price series considered, and conversely. 

As has already been pointed out, the same equations may 
also be readily expressed in terms of absolute quantities and 
prices. They then afford a measure of the shifting of the supply 
curve deduced from X3 as a result of dynamic changes. 

3. COEFFICIENT OF ELASTICITY OF THE COMBINED SUPPLY DERIVED FROM 
DOMESTIC PRODUCTION AND IMPORTS FROM INSULAR POSSESSIONS 

The coefficients of the elasticity of supply deduced from 

equations (44), (45), and (46) are: 


Pretec ply (47) 

ORE y2016.-X,? my 
I I 

°x3%2 T6110 Beu (48) 
Angie ae £ 

ex,7,— I. 6796 XG. ? (49) 


respectively. These are all increasing functions of price. (See 
note 20, p. 153.) The elasticity of supply from the two sources 
under consideration is higher for high prices than for low prices. 
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At the point on the supply curve whose co-ordinates are the 
arithmetic means of the link relatives,”° the coefficients have the 
following values: 


Crt a areal (47a) 
ex,x,= +0.58 , (48a) 
ex,y,= +0.56. (49a) 


These figures mean that, based on the average experience of 
1903-13, an increase (or decrease) of 1 per cent in the average 
price of sugar for any year is accompanied by an increase (or de- 
crease) of 0.78 of 1 per cent in the supply from domestic produc- 
tion and imports from insular possessions for the same year; 
that an increase (or decrease) of 1 per cent in the average price 
for the eight months October to May is accompanied by an in- 
crease (or decrease) of only 0.58 of 1 per cent in the supply 
from the two sources; and that an increase (or decrease) of 1 per 
cent in the average price for the six months of January to June 
is associated with an increase or decrease of only 0.56 of I per 
cent in the supply from the same sources.*° 


VI. THE LAWS OF WORLD SUPPLY AND DEMAND FOR SUGAR 


Having deduced the law of supply for that part of our total 
consumption which comes from domestic and non-dutiable 
sources, the next logical step is to derive the law of supply for 
that part of our consumption which comes from all other sources 
and which, during 1903-13, accounted for between 64 and 48 
per cent of our annual consumption. More specifically, this 
means that we ought next to correlate changes in the price of 
sugar in the United States with (1) changes in our imports from 
Cuba, which are subject to a 20 per cent tariff preferential, and 


” The arithmetic mean of Xs is X;,=1.061. The arithmetic means of the 
other variables are given in footnote 21, p. 153. 

* That is, in the production and imports for the year ending in the same 
June. 
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(2) changes in our imports from all full-duty-paying countries. 
But the statistics of Cuban exports and production do not show 
any appreciable correlation with the United States prices for the 
period 1903-13, at least when the method of link relatives is 
used. In fact, it appears that Javan production of sugar is much 
more highly correlated with the United States prices than are 
either the Cuban exports to the United States or the Cuban pro- 
duction. 

This may be due either to the limitations of the statistical 
methods employed in this book, which cannot iron out the effects 
of such local disturbing forces as seem to have been affecting 
Cuban imports and exports during the period under considera- 
tion, or to our failure sufficiently to take into consideration the 
effects of changes in world-production. 

We shall provisionally adopt the latter hypothesis for the 
reason that, the world being the only self-contained economy 
with respect to sugar, any attempt to study only a part of this 
economy—Cuba, for example—is to neglect the whole complex 
of price-making forces; is to fail to consider “the totality of oc- 
currences which are in economic reality inexplicably connected 
with one another.” The United States does not purchase the en- 
tire sugar crop of Cuba. Part of it must always compete in the 
world’s markets with supplies from other sources. It is probable, 
therefore, that changes in world-production have some influence 
on conditions of Cuban supply. So long as we confined our study 
to the United States and its possessions, which are protected by a 
high tariff wall, we could abstract changes in world-production 
and still get broad, useful results for our purposes. But, to judge 
from the apparent lack of correlation between Cuban production 
or Cuban exports to the United States and New York prices, it 
is probably impossible to make this abstraction in the analysis 
of the Cuban statistics. We proceed, therefore, to an analysis of 
the world supply and demand for sugar. 
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I. CORRELATIONS BETWEEN WORLD-PRODUCTION X) AND NEW YORK 
PRICES Y, 

Table IX shows the correlation between the link relatives of 
the world-production of sugar and the link relatives of New 
York wholesale prices of granulated sugar, for various lags. The 
data used for computing these correlations are shown in Table 
III of Appendix III. 

TABLE IX 
COEFFICIENTS OF CORRELATION BETWEEN WORLD-PRODUCTION X w, AND 
New York WHOLESALE Prices oF SucaR ¥1 FoR Vartous Lacs* 
Coefficient of 


Series Correlated Correlation (r) 
Vei(1003)hand:X7((1904) a, ed ene 1-0.50 
Ven (903) rand 3Gpi(2003)" al tks.) Pu One, 
Va(too4 rand eX saLOO3)) i eeu see | lee eu Or4 5 


* The figures in the brackets indicate the first year of each of the correlated series under 
consideration. Thus, Y; (1903) means the average price for the fiscal year beginning July 1, 
1903; Xw (1904) means the world-production for the fiscal year beginning July 1, 1904, etc. 


It will be noticed that the signs of the correlation coefficients 
are the reverse of what might have been expected from Tables 
VI, VII, and VIII. The correlation between New York prices 
for any given year and world-production for the following year 
is positive, and the correlation between New York prices for any 
given year and production for the same year is negative. The 
positive coefficient of correlation, ,—=-+0.59, between the price 
for any given year and the production for the following year, is 
the correlation for supply. The negative coefficient of correla- 
tion, y=—o0.85, between the price for any given year and the 
production for the same year, is the correlation for demand. 
This is perhaps an illustration of the principle that, in a self-con- 
tained economy, the supply-demand relation approximates its 
theoretical simplicity.** Low production for any year brings 
about high prices in the same year; these high prices in turn 
call forth a higher production the following year. 


5! See pp. 101-3, 132-36. 
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2. EQUATIONS CONNECTING WORLD-PRODUCTION X,, AND PRICE Y, 


The “lines of best fit” giving the most probable supply and 
demand relationship between Xw and Y1 are: 


VY, =+1.6788Xy—0. 751 (50) 
for supply, and 
V,=—1.4888Xy+2.554 (51) 


for demand, the origin for each curve being at 0,0. 

Equation (50) means that, based on the experience for 
1903-13, an increase (or decrease) of one point (or roughly 1 
per cent) in the link relative of world-production for any given 
year is, on the average, associated with an increase (or decrease) 
of 1.68 points in the New York price for the preceding year. 
Another way of saying the same thing is that an increase (or de- 
crease) of one point in the relative price for any given year is on 
the average associated with an increase (or decrease) of 
1/1.6788=0.60 of a point in the relative production for the fol- 
lowing year. This is the law of the world-supply. 

Equation (51) tells us that an increase (or decrease) of one 
point in the link relative of world-production (= consumption) 

. for any given year is on the average associated with a decrease 
(or increase) of 1.49 points in the New York price for the same 
year, or that an increase (or decrease) of one point in the New 
York price for any given year is on the average associated with a 
decrease (or increase) of 0.67 of a point in the world-consump- 
tion for the same year. This is the law of the world-demand. 
The assumption is made that the world-production for any year 
is, on the average, approximately equal to the world-consump- 
tion for the same year. 


3. A MOVING EQUILIBRIUM OF DEMAND AND SUPPLY 
Figure 35 brings the supply curve, SS’, into juxtaposition 
with the demand curve, DD’, and shows the individual observa- 
tions on which the curves are based. A circle indicates a demand 
observation and a cross indicates a supply observation. The 
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DD'= Yp= —/.4888 X + 2.5539 
SS'=Y¥s= 1.6788 X — 0.7506 
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Fic. 35.—Probable moving equilibrium of world’s sugar demand and supply. 

A circle indicates a demand observation, and a cross indicates a supply obser- 
vation. The range covered by each set of observations is indicated by the areas 
enclosed by the dotted lines, 
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range covered by each set of observations is indicated by the 
areas enclosed by the dotted lines. 

The two curves intersect at the point whose abscissa is the 
arithmetic mean of the quantity relatives (1.043) and whose 
ordinate is the arithmetic mean of the price relatives (1.001).” 
That is to say, during the period covered by this study (1903- 
13), the world-production of sugar for any one year was, on the 
average, 104.3 per cent of the production for the previous year, 
and the corresponding New York price of sugar was, on the av- 
erage, 100.1 per cent of the price for the preceding year. These 
figures are assumed to give, respectively, the “normal” trend of 
production and the “normal” trend of prices for the period under 
consideration. Since the two curves pass through the point 
whose co-ordinates are these “normal” figures of production and 
price, the demand for the commodity and the supply of the com- 
modity are in what Professor Moore has termed® “moving equi- 
librium” about the trends of production and prices. When, for 
example, the supply price relative of a given year was 1.001, the 
production relative of the following year was 1.043; and when 
the production relative of that year was 1.043, the demand price 
relative of the same year was 1.001. 


4. ELASTICITIES OF WORLD-SUPPLY AND DEMAND FOR SUGAR 


The elasticity of the world-supply is 


1.6788 X,,’ (52) 


* This is true only approximately, because the correlation for demand is 
based on eleven pairs of observations as compared with ten pairs for supply, the 
difference being due, of course, to the loss of one pair of observations by “lagging” 
production behind prices by one year. In the correlation for demand the arith- 


metic means of the variables are X =1.047, Y=1.006. In the correlation for sup- 


ply, the corresponding means are X =1.045, Y=o.998. It will be observed that 
these points lie very close to the point of intersection of the demand curve and 
the supply curve. When the small number of observations is taken into account, 
there is probably no significant difference between the corresponding co-ordinates 
of any two of the three points under consideration. 


* Quarterly Journal of Economics, XXXIX (May, 1925), p. 370, 
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and the elasticity of the world-demand is 


a: 2 EN SS (53) 
ieee aSss. x. 53 


At the point of intersection of the two curves, the elasticities of 
supply and demand are: 

e=+0.57 
and 

n=—0.64, 


respectively; or an increase in the price of 1 per cent will bring 
about an increase in production of 0.57 of 1 per cent and a de- 
crease in consumption of 0.64 of 1 per cent.** 

However, there is probably no statistically significant differ- 
ence between the two coefficients. When the world-supply and 
demand curves are deduced from the data for 1890-1913 in- 
stead of from those for 1903-1913, the foregoing coefficients 
have the values of e=-+0.59 and 7=—o0.61. We conclude, 
therefore, that the elasticity of the world-supply is numerically 
equal to the elasticity of the world-demand and that it is approx- 
imately of the order of 0.6. This is perhaps an illustration of the 
principle developed above,** that in a self-contained economy 
the elasticities of demand and supply tend to be numerically 
equal. 


VII. INTERRELATIONS OF PRICES, PRODUCTION, AND IMPORTS 


In the preceding correlations no attempt was made to meas- 
ure the ve# relation between any two of the variables considered 
while the others are kept constant, except in so far as the use of 
the “line of best fit” may be said to do so indirectly and approxi- 
mately. The correlation coefficients thus obtained are, therefore, 

** When prices for the eight months beginning October 1 (the world’s har- 
vesting period) are substituted for the average annual prices used in the forego- 
ing computations, the elasticities of supply and demand become -+0.42 and 
—o.48, respectively. 

*© See pp. 101-3, 132-36, 
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gross, or zero order coefficients. Neither was there an attempt 
made to measure the cumulative influence upon any one variable 
of all the others. Thus, there was first determined the relation 
between domestic production and prices; then the relation be- 
tween imports from insular possessions and prices; and finally, 
the relation between world-production and prices. No attempt 
was made, however, to measure the combined effect of all the 
three variables on prices. Do not these shortcomings invalidate 
our conclusions? Would not the application of the methods of 
partial and multiple correlation have led to different results? We 
must seek answers to these questions. 


I. PARTIAL CORRELATIONS 

Table X gives the net or partial coefficients of correlation be- 
tween prices, production, and imports. All the variables con- 
sidered heretofore are represented in this table, except Y;, the 
average New York price for the six months beginning January 1. 
All the variables are link relatives for the eleven fiscal years, 
1903-13. No correlations between “lagged” series are included 
in this table. 

The net correlations have the same signs as the correspond- 
ing gross correlations, but are of lower magnitude. 

The coefficient of correlation between domestic production 
and New York prices, when imports from insular possessions are 
kept constant, is between +-0.35 and +-0.42, depending upon the 
price series used. The gross correlation is between -++0.49 and 
+0.54 (see Table VI). When both imports from insular pos- 
sessions and world-production are kept constant, the correlation 
drops to between +-0.14 and +0.26. 

The coefficient of correlation between imports from insular 
possessions and New York prices, when domestic production is 
kept constant, is between +0.67 and +-0.70, depending upon 
the price series used. The gross correlation is between -+0.72 
and +0.75 (see Table VIL). When both domestic production 
and world-production are kept constant, the correlation is low- 
ered to between +-0.41 and +0.46. 
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The correlation between domestic production plus imports 
from insular possessions and New York prices, when world-pro- 


TABLE X 


Net COEFFICIENTS OF CORRELATION BETWEEN PRODUCTION, 
Twports, AND PRICES OF SUGAR, FOR THE PERIOD 1903-13 


Net CoRRELATION 


Petes Vee eats 
ORRELATED 
Constant Symbol Numerial Value 

X, and Y,; X2 Tx yk; +0.35 
X,and Y, X2 Vx ¥4°X, +o. 42 
XxX; and Y; X, and Xw Vy ¥.°% Xu +0.14 
X, and FY, X, and Xw Vx ¥5°X,Xy +o. 26 
X, and Y; xX: 1 zy," X +o0.70 
X, and Y, Xr Vx V5" X +0.67 


Xz. and Y; X,and Xw Tx, y,°X;Xqy +o.46 
X, and Y, X,and Xw | 7 4 +0.41 


DES Geer ep.a 7 


X; and Y, Xw xy" Xp +0.45 
X; and Y, Xw "xy," Xy +0.49 
Xw and V,; Xy "yy ¥y°X —o.81 
Xy and Y, Xr Tx 9¥q" Xq —o.78 
Xw and Y; X2 "xy ¥_°Xq —0.73 
Xyw and Y, X2 xu ¥q"Xq —o.70 
Xyw and VY; X; Tew Pa" Xs —o.70 
Xy and FY, X; x w¥a"X; —o.66 
Xw and Xr Xo x Xq"Xq —0.35 
Xw and X, Xy Vx X,"X —0.59 


duction is kept constant, is between +-0.45 and +-0.49, depend- 
ing upon the price series used. The gross correlation between the 
two variables is +-0.76 (see Table VIII). 
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The correlation between world-production and New York 
prices when domestic production is kept constant is between 
—o.78 and —o.81, depending upon the price series used. The 
gross correlation is —o.85 (see Table IX). The correlation 
drops to between —o.70 and —o.73, when imports from insular 
possessions are kept constant; and to between —o.66 and 
—o.70, when both domestic production and imports from insu- 
lar possessions are kept constant. 

The figures of Table X thus show clearly how relatively un- 
important domestic production was as a “price determinant” 
during 1903-13. When both world-production and imports from 
insular possession are kept constant, the correlation between 
United States production and New York price becomes so low 
as to be of questionable statistical significance. 

The correlations of Table X also bring into clear relief the 
predominant effect of world-production on New York prices. 
The correlation between these two variables is not less than 
—o.7 (approximately), even if the supply of sugar from domes- 
tic and insular sources is kept constant. This, however, is a de- 
mand relationship (see Table IX). 


2. MULTIPLE CORRELATIONS 


The foregoing net correlations suggest the desirability of 
completing the analysis by determining the cumulative effect 
upon any one variable of some or all of the others. However, be- 
fore proceeding to the consideration of the numerical results, it 
is advisable to state briefly some of the more important relations 
of the calculus of multiple correlation. 

Although some phases of the theory of multiple correlation 
may also be applied to the study of non-linear relationships, the 
theory has progressed farthest and has had its widest application 
in the study of the correlation among three or more variables 
which are linearly dependent. This means that the equation 
connecting the variables is the linear regression surface 


Zr= 0-1 Or2.3400nZat 013.24-0enZ3-F ah a= = Om-ars+(e—a) Ln (54) 
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where Z,, Z.,...2Z, are the variables under considera- 
tion. The statistical problem is to determine the parameters 
Dis.g-<uy Olga eek Ura ee anda) Sovasitojobtaintithem bests 


estimates of Z,, corresponding to any assigned values of 
2x; La; ees 

It is convenient for theoretical purposes to work with the 
deviations of the Z’s from their own means, divided by their own 
standard deviations. 
Putting 


= : m=——— , eC... « (55) 


and 
Oy 
Dense Peraien 
02 


Or 


Brsziron= Basrapcon © (56) 
leery See Fs 
equation (54) becomes 
Fa= Pray. at Bey sgintste °° > tH Binairm—ztn « (57) 


The #’s in this equation are called “partial regression coeffi- 
cients,” or “path coefficients,” a term due to Sewall Wright.*® 
Any partial regression coefficient—say, 81... . . n—has the two 
following important properties: ** 

1. It is the regression of that part of z, which is independent 
of 23, 24, .. - , Zn upon that part of z. which is independent of 
Sa tates eee 

2. It is the weight or multiplying factor of z. when 3, 24, 

. , n are used to estimate 2. 

*° Sewall Wright, “Correlation and Causation,” Journal of Agricultural Re- 
search, XX, No. 7 (January 3, 1921), 561-62. 

* Truman Kelley, Statistical Method (1923), p. 285. 
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Adopting the least square criterion, we may determine the 
coefficients in (57) so that 


f= D (Sr — BroegqeeeenZa— Br3+242+-n23— oe tae =| Ginesiscon=ien) 7 (58) 


shall be a minimum. The answer, which gives the regression of 
z, on the other variables, may be written in several forms. One 
of these, which is convenient for theoretical purposes, makes use 
of a determinant involving the gross correlations between the 
variables.** 

As soon as the £’s have been determined, the 0’s of (54) may 
be found from (56), and the term a of the same equation from 


OM = bee eee. Ah 5 —Drn.23--0n—r i n . (59) 


Equation (58) is not ordinarily the most convenient form to 
use for numerical computations. However, it was necessary to 
introduce it for the light that its coefficients—the B’s—throw on 
the problem of measuring the degree to which the dependent 
variable is “determined” by any of the independent variables. 

Having outlined a method for determining the parameters 
of equation (54), we must next show how to measure the agree- 
ment between the fitted regression surface and the observations. 
The two measures that are commonly used for this purpose are 
the standard error and the coefficient of multiple correlation. 
The standard error of estimate, Sy.23 . . n, is a concrete number 
measuring the dispersion (scatter) of the observed values of 2, 
from its corresponding computed values on the hyperplane (54). 
It is an extension of the standard error of estimate with two 
variables (p. 43). It is defined as the root-mean-square of the 
deviations; that is, 


Aare < (observed Z;,—computed Z,)? . (60) 


The multiple correlation coefficient, Ri..3;..n, is an ab- 
stract number. It is the simple coefficient of correlation between 


*° See, for example, Henry L. Rietz, editor, Handbook of Mathematical Sta- 
tistics (1924), p. 141. 
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the observed values of Z, and its corresponding estimated values 
calculated from the linear function (54). 

The standard error and the coefficient of multiple correlation 
are connected by the formula*® 


ee a (6r) 
Or 
where ¢, is the standard deviation of 2. 
From this it follows that 
DiapenS 02(i— Rino3.-en) . (62) 


This is an extension of the standard error of estimate with 
two variables (p. 43). It shows how the standard error decreases 
as the multiple correlation coefficient increases. When the latter 
is zero, the standard error is equal to the standard deviation; 
the fitting of the hyperplane (54) has served no useful purpose. 
When the correlation is perfect, the standard error is zero; there 
is no scatter; all the points fall on the hyperplane. The higher 
the correlation, the better the fit. 

But it can be shown that* 


Re asas n= Dragageen Wcart= Sra eaasteen T- Oy Caan al Grn aatan ‘ (63) 


*® Frederick C. Mills, Statistical Methods Applied to Economics and Business 
(1924), P. 497. 

“The proof is as follows: Let riz, ris, etc., be respectively the coefficients of 
correlation between variables 1 and 2, 1 and 3, etc. Let A stand for the deter- 
minant : 


x V12 Le < See <3 

V2 I Tag: nc ve fe San 

Tr3 123 I 9 fet fesach any 
yo 

Tin Tan Pane tee ne) aD 


and let Au, Ai, etc., stand for the minors obtained by deleting the first row and 
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Substituting this in (62), we get 


Si-agaqren == Gai Brasaeeyieaae Grqeas snl 14 ae = Srniaceeneatin) e (64) 


This is one of the most useful formulas in the correlational 
calculus. The terms in 87, which have been called “coe ficients of 
determination,” give the proportion of the total variance (c,) 
of Z, which is due to each variable on the right hand side of (54). 
They thus measure quantitatively the importance of Z,., Zs, etc., 
as “causes” of Z,. The difference between unity and the sum of 
the “coefficients of determination” measures the importance of 
factors which have not been taken into account, assuming that 


the first column, the first row and the second column, etc. With this notation, the 
8’s are given by the well-known formula (see Henry L. Rietz, editor, Handbook 
of Mathematical Statistics, p. 141): 
Br2.340n = Avo/An ) 
Br3.24-.n= Ar3/Arx , (i) 
Br4.235¢0n = Ara/ Anz , 
Brp.23.++(p) «n= (—1)PArp/An , 


etc. 
and 
5 ae eA Be 
Fagen =I (ii) 
a formula due to Pearson. 
But, by the theory of determinants, 
A=An— Avitnt Agi ink hee Saeeial (= 1)"Arniin « (iii) 
Dividing both sides by An, we have 
A = Av Ay oe ny ee AY Arn ] 
ee Trot an (—1) Ay 7° (iv) 
Substituting in (ii), 
A A A 
Riasen= A faa atst ous. las spikes eae fan 4 (v) 


But, by (i), Are/Arn=Br345-..n, Ar3/An= Brz-245--.n, etc. Substituting in (ii), we get 
equation (63). 


“ See note 36, p. 172. 


176 LAWS OF DEMAND AND SUPPLY 


the statistics used are free from errors of observation, and that 
the regression of Z, upon Z», Zs, etc., is linear. 

We are now ready for a consideration of the numerical re- 
sults obtained by the method of multiple correlation. 

The regression of Y, on X,, X2, and Xw, is 


V,=1.5081-+0.07331.X1+0.2905X2—0,8585X (65) 


the origin being at 0,0. 

This equation enables us to compute the average annual 
New York price of sugar corresponding to any combination 
of domestic production, imports from insular possessions, and 
world-production.” 

The standard error is Sv,.x,x,x, ==0.0505. This means that 
the computed price relatives do not differ by more than --0.0505 
units from the observed price relatives in approximately two- 
thirds of the cases. The standard deviation of the price rela- 
tives is oy, =0.1113. 

The multiple correlation coefficient is Ry,.x,x,x,==0-891. The 
square of this coefficient, or 0.794, measures (see equation [62 |) 
the proportion by which the square of the error of estimat- 
ing Y, has been reduced through the use of equation (65). Ii 
this equation were not available, we could give only one and the 
same estimate of Y, (its arithmetic mean) for any combination 
of X,, X2, and Xw; and the confidence which we would be justi- 
fied in placing in such an estimate would be measured by the 
standard deviation. By using equation (65) to estimate Y,, we 
are able to reduce the square of the standard deviation (called 
variance) by 79.4 per cent. To this reduction, world-production 
contributed 52.1 per cent; imports from insular possessions, 23.7 
per cent; and domestic production, only 3.6 per cent.** The re- 
maining 20.6 per cent is due either to factors which have not 

“See pp. 39-40 for an illustration of method when only two variables are 
involved. 


* These figures were computed from (63). The §’s may be deduced from 
the b’s by (56); the 7’s, from Tables VI, VII, and VIII, and the o’s from the fol- 
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been taken into account, or to inaccuracies and deficiencies of 
the data, or to the impossibility of adequately representing the 
observations by a linear function. These figures, which are the 
numerical values of the “coefficients of determination,” thus 
measure the importance of the several factors as “price deter- 
minants.” 

In this connection it must be emphasized that the foregoing 
figures are measures of met contributions. Thus, when it is said 
that world-production is responsible for 52.1 per cent of the vari- 
ance of Y, the statement is to be understood as meaning “‘that 
part of the world-production which is independent of changes in 
United States production and imports from insular possessions.” 
A corresponding interpretation must be given to the effects of the 
other factors. If it be argued that world-production cannot make 
a contribution to the variance of price, which is essentially inde- 
pendent of United States production and imports from insular 
possessions, the answer is that under these circumstances we 
have no right to use the linear function (54). 

Similar results are obtained when domestic production and 
imports from insular possessions are treated as one variable. We 
have then 


Y,=1.5367-+0,.3700X,—0.8912X w (66) 


the origin being at 0,0. The standard error is Sy,-x,x,,=0.0470 
(in link relative units), and the coefficient of multiple correlation 


lowing table, which also contains the means of the variables. In the computa- 
tions, the r’s were carried out to more places than are given in Tables VI, VII, 
and VIII. 


Tart Standard 

Variable Mean DEsianon 
Lemme NORE Etc UPR 0.9978 0.1113 
Oe peoces aoa Aoatboct ad 1.0631 ©.III9 
 Sonmnboner dpc ann aicase 4 1.0637 0.1215 
X. 1.0612 0.0968 


eg sicenecren.cisrtniee ax ater I.0452 ©.0790 
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is Ry,-x,x» =0.885. The two factors X, and Xw account for 78.5 
per cent of the total variance of Y,. World-production accounts 
for 54.1 per cent of the variance, and domestic production, with 
imports from insular possessions, for 24.4 per cent. We have 
seen that the corresponding percentages deduced from (65) are 
52.1 and 27.3, respectively. 


3. LIMITATIONS OF THE MULTIPLE CORRELATION APPROACH 


If our purpose were only to develop a method of estimating 
the probable price corresponding to a given combination of fac- 
tors such as X,, X2, and Xw, which are assumed to be known ac- 
curately, the accepted method of multiple regression, such as is 
illustrated by equation (65) or (66), might be used to advan- 
tage. It gives a measure of the accuracy of the estimate and of 
the importance of each of the factors and suggests ways of im- 
proving the estimate, should this be necessary. But we wish our 
equation to express the best general relationship connecting all 
of the variables in question, so as to enable us to deduce unequiv- 
ocal values for the elasticities of supply and demand. For this 
purpose the accepted multiple-regression approach, as typified 
by equation (65), is generally liable to be misleading. 

To illustrate the difficulties raised by such equations as (65) 
or (66), let us rewrite (65) so as to bring X, to the left-hand 
side: 


X1= — 20.571 +13.64Vi:—3.962X.+11.71Xy (65a) 
and compare it with the true regression** of X, on Y,, X2, and 
Xw! 

X,=1,1876+0.2650V3+0.003535X2—0.3757Xw (67) 


the origin being at 0,0. 


“ For equation (67), the standard error is 0.0967, and the coefficient of mul- 
tiple correlation is 0.512. The use of this equation effects a reduction of 26.2 per 
cent in the variance of X;. To this reduction, Y: contributes 13.0 per cent; X2, 
0.1 per cent; and Xw, 13.1 per cent. 
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Let us also rewrite (66) as follows: 
Xj= —4.1532+2.7027Vi+2.4086X wy (66a) 
and compare it with the true regression* of X; on Y, and Xw: 
X3,=0.7150+0.5447V,—0,1888Xy (68) 


the origin being at 0,0. 

The differences between the corresponding equations are too 
striking to require pointing out. They lead to correspondingly 
striking differences in the coefficients of elasticity of supply (or 
demand) derived from them. Thus the elasticity of the domestic 
supply when the other factors are kept constant, or the partial 
elasticity of supply** for X, is 


axa -¥; Y, 
Cute tte ay. 5 pyran, 13.64 ve (69) 


from (65) or (65a); and 


é ee: Me oe ig (70) 
Ky ¥zS 2X OV ieexX, »205 Xe ih 
from (67). At the point on the curves whose co-ordinates are 
the arithmetic means of X, and VY, (see note 43, pp. 176-77), 
these coefficients have the values of 12.8 and 0.25, respectively. 
Similar discrepancies occur in the coefficients for X, and Xw. 
Thus, the elasticity of the supply from our insular possessions, 
when world-production and United States production are kept 
constant, is 3.23 by (65) or (65a), and —70.3 by (67). Similar- 
ly the elasticity of the world-demand when United States pro- 

“For equation (68), the standard error is 0.0626, and the coefficient of mul- 
tiple correlation is 0.762. The use of this equation effects.a reduction of 58.1 per 
cent in the variance of Xs. To this reduction, VY: contributes 47.5 per cent, and 
Xw, 10.6 per cent. 

*“ These concepts of partial elasticities of demand and supply are due to Pro- 
fessor Henry L. Moore. See his papers: “Partial Elasticity of Demand,” Quar- 
terly Journal of Economics (May, 1926); and “A Theory of Economic Oscilla- 
tions,” zbid. (November, 1926). 
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duction and imports from insular possessions are kept constant 
is either —1.11 or +-0.67, depending upon whether (65) or (67) 
is used. 

Turning to (66a) and (68), we find similar differences. 
Thus, the partial elasticity of supply for X; is 2.54 by (66a), and 
only 0.51 by (68). The corresponding figures for the partial 
elasticity of the world-demand (Xw) are —1.07, and +0.27. 

These anomalous results are due in part to the same causes 
which produced the divergent results in the study of demand 
when only two variables were considered:* the arbitrary selec- 
tion of one of the variables as the dependent variable, and the as- 
sumption that an observed point fails to fall on the plane because 
of an “error” or deviation in this variable alone, the set of inde- 
pendent variables being allowed no deviation. This gives each 
independent variable an infinite weight as compared with the de- 
pendent variable, and the result is that with the same method of 
fitting (least squares) and the same set of variables we get one 
curve if we treat Y, as the dependent variable, as in (65) or 
(66), and a quite different curve if we treat either X, or X, as 
the dependent variable, as in (67) or (68). 

The method of overcoming this difficulty is similar to that. 
used in the two-variable problem (see pp. 35-39). It directs us 
so to fit the hyperplane (54) as to take into account “errors” or 
deviations in all the variables considered. This method cannot, 
however, be safely employed in the four-variable problem imme- 
diately before us, for the following reasons: 

1. The number of observations is very small. To fit an equa- 
tion with four constants to eleven points in space is to build an 
elaborate mathematical superstructure on a somewhat shaky 
statistical foundation; and the results obtained are, therefore, 
apt to be of little or no statistical significance. Though this criti- 
cism is equally applicable to all other methods of curve-fitting, it 
has added significance when the method employed is quite cum- 
brous, as is the one under consideration. 


“ See pp. 35-39. 
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2. The method assumes a knowledge of the weights to be 
applied to the several variables and raises the question of the ef- 
fect of the units in which the several variables are expressed on 
the fit that is obtained. And in the problem before us there is no 
simple, unequivocal criterion for the determination of proper 
weights. 

In the two-variable problem, or in the fitting of the straight 
line, we assumed that the trend ratio or the link relative is a good 
unit in which to measure the variables (although the dispersion 
of these ratios or relatives varies from series to series), and that 
it is more reasonable to give both variables the same weight than 
to give one of them an infinite weight as compared with the 
other. The method of curve-fitting which is prescribed by these 
assumptions is that which makes the sum of the squares of the 
perpendicular deviations of the points from the line a mini- 
mum.*° 

Accordingly, we adopted this criterion of fit, and obtained 
fairly consistent results, as indicated by the practical constancy 
of the elasticity of demand deduced from the various lines which 
were fitted by this method. 

In the four-variable problem immediately before us, how- 
ever, these assumptions cannot safely be made, for the reason 
that world-production is so much more important as a “price de- 
terminator” (see p. 176) that a slight change in the weights as- 
signed to the several variables is apt to have a comparatively 
large effect on the coefficients of X, and X,. Two illustrations 
will suffice. 

If we treat Y,, X;, and Xw as equally accurate or equally in- 
accurate and fit a plane to these three*® variables by minimizing 

“8 Had a different assumption been made regarding the relative importance 
of the two variables and the units in which they are measured, a function other 
than the sum of the squares of the normal deviations would have had to be min- 
imized. 

” This method of fitting becomes more and more cumbersome as the num- 


ber of variables is increased. It was therefore decided to confine this illustration 
to these three variables, and not to treat Xi and X: separately. 
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the sum of the squares of the perpendiculars from the system of 
points upon the plane, we get the following result: 


V,= 2.2828-+-0.1243.X3;—1.3556Xw (71) 


the origin being at 0,0. 

Judged by its standard error, which is 0.03438 (link relative 
units), this equation fits the observations very well. But when it 
is used to compute the partial elasticity of supply for X, and the 
partial elasticity of demand for Xw, we obtain: 


‘ AVG NE aes (a) 
Tour Me ay X,) . O1b24g 4 7 
and 
Busey a | Pas Gay 
MeetD PAV teNs  Lanebue 13 


which, at the points represented by the arithmetic means of the 
variables in question (see note 43, page 177), have the values of 
7.56 and —o.70, respectively. The value of —o.70 for the elas- 
ticity of the world-demand is not significantly different from the 
value of —o.64 obtained by using the straight line connecting 
Xw and Y, (see page 168). However, the value of 7.56 for the 
elasticity of the supply from domestic and insular sources is 
much too large, and is probably due to the particular scale and 
method of fitting employed. 

Let us therefore adopt a somewhat different method of pro- 
cedure. Let us first express the link relatives Y,, Xs, and Xw in 
terms of their respective standard deviations and then fit a plane 
to these adjusted relatives by the same method that was used to 
fit (71). The resulting equation, reconverted into the original or 
unadjusted relatives, is: 


Y,=1.8741-+0.2787X,—1.1213Xw (74) 


the origin being at 0,0. 
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A comparison of (71) and (74) shows that the effect of the 
modification of the units in which the variables were expressed 
has been to raise the coefficient of X; by more than roo per cent 
and to lower the coefficient of Xw by only to per cent (approx- 
imately). 

The partial elasticity of supply for X, and the partial elas- 
ticity of demand for Xw deduced from this equation are: 


I Va 


Oxyty tu TS o787 a Ke (75) 
and 
I We 
Txw¥r'%3~ 7 7073 iis a (76) 


which, at the points represented by the arithmetic means of the 
variables in question (see note 43, page 177), have the values of 
+3.37 and —o.85, respectively. These must be compared with 
the corresponding values deduced from (71), which are 7.56 and 
—0.70. 

Recourse to the method used in (74) has thus resulted in a 
large reduction in the numerical value of the elasticity of supply 
from non-dutiable sources when world-production is kept con- 
stant, and in a small reduction in the numerical value of the elas- 
ticity of world-demand when the combined supply from United 
States production and imports from insular possessions is kept 
constant. It is thus seen that a change in the weights assigned to 
the several variables (which is involved in the use of the stand- 
ard deviation as a unit of measure) may have an important ef- 
fect on the coefficients of the variables and on related functions. 

Both equations (71) and (74) seem to indicate that the 
world-detnand for sugar (when United States production and 
imports from insular possessions is kept constant) is inelastic, 
while the supply which is derived from United States production 
and imports from insular possessions (when world production is 
kept constant) is elastic. The first conclusion is in substantial 


184 LAWS OF DEMAND AND SUPPLY 


agreement with that yielded by the simple, straight line ap- 
proach (see p. 168). The second is not (see p. 162). This raises 
the question of the reliability of the two sets of determinations. 
We have stated our reasons for believing that in the problem be- 
fore us the results yielded by the simpler methods are more like- 
ly to be correct: there is not enough of a statistical foundation 
to justify a multiple correlation approach except as an illustra- 
tion of method; and the different methods of fitting the equation 
are apt to lead to different conclusions as to the elasticity of sup- 
ply. But the more complex methods do, nevertheless, cast some 
doubt on the earlier conclusion that the supply of sugar from 
non-dutiable sources is inelastic. The problem, therefore, re- 
quires further examination. 

The entire difficulty is due to our effort to find the elasticity 
of supply from non-dutiable sources while world-production is 
kept constant. From an economic point of view it may well be ar- 
gued that world-production should not be kept constant, since it 
is immaterial whether it is a world-production or any other fac- 
tor that brings about fluctuations in prices, so long as the latter, 
in turn, bring about fluctuations in United States production and 
non-dutiable imports, and since, furthermore, world-production | 
includes United States production and imports. Whatever merits 
these arguments may have, they do not dispose of the methodo- 
logical difficulty involved in any attempt to remove the influence 
of any one variable upon any other variable or group of varia- 
bles. If the accepted methods of dealing with this difficulty are 
either too cumbersome or otherwise unavailable for the purpose 
in view, may not a modification of them be more suitable for our 
purposes? Let us see. 

The “disturbing factor” for our purposes is Xw. The corre- 
lation between Y, and X; when Xw is kept constant is, by Table 
X, ’x,v,-x;=+0.45. This partial correlation is equal to the sim- 
ple correlation between the two series Y, and X;, when the con- 
tribution of Xw has been removed from each of them. This can 
be done as follows: 
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1. Find the linear regression of Y, on Xw-and the linear re- 
gression of X; on Xw. They are: 


V,= 2.2559—1.2037Xw (77) 
and 


X;=1.9439—0.8445Xw (78) 


respectively. These equations enable us to compute estimates of 
Y, and X,; from a knowledge of Xw. 

2. For each observed Y, compute a probable Y, from (77), 
and for each observed X;, compute a probable X, from (78). 
(See Appendix III, Tables I A and III, for the observed values 
of the three variables.) The values computed from (77) meas- 
ure the degree to which sugar prices depend on world-produc- 
tion. Similarly, the values computed from (78) measure the 
degree to which domestic production and imports depend on 
world-production. 

3. Subtract the computed Y,’s from the observed Y,’s, and 
the computed X,’s from the observed X,’s. The first set of resid- 
uals represents that part of Y, which cannot be estimated from 
a knowledge of Xw, or that part which is independent of Xw. 
The second set of residuals represents that part of X, which 
cannot be estimated from Xw, or that part which is independent 
OLEXGo: 

4. Plot a scatter diagram of the two series of residuals in or- 
der to see whether the regression is linear. The simple coefficient 
of correlation between the two sets of residuals is, as was stated 
before, the partial coefficient of correlation between Y, and X; 
for a constant Xw. The regression of the price residuals on the 
quantity residuals has a slope of ++0.3700, and is also equal to 
the coefficient of X, in equation (66). The regression of the 
quantity residuals on the price residuals has a slope of +-0.5447, 
and is also equal to the coefficient of Y, in equation (68).°° The 
use of the first regression would lead to the conclusion that the 


» For proof, see Kelley, op. cit., pp. 284-87. 
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supply from domestic and non-dutiable sources is elastic (2.54) ; 
the use of the second regression would lead to the conclusion that 
the supply is inelastic (0.51). 

5. Instead of using one of these lines of regression, deduce 
the “line of mutual regression,” or the “line of best fit,” which is 
obtained by minimizing the sum of the squares of the normal de- 
viations. This regression may be written 


(Y= YV;)=+1.4753(X3— X3) (79) 


where Y, and X; stand for the arithmetic means of Y, and X,, 
respectively; and it leads to a coefficient of elasticity of supply of 
0.68. This result agrees fairly well with those reached by the 
simpler methods of section V of this chapter (see pp. 161-62), 
thus reinforcing the conclusion reached therein that the supply 
of X; is inelastic. 


The foregoing survey of the interrelations of prices, pro- 
duction, and imports shows that the ordinary method of multi- 
ple correlation, excellent as it may be for some purposes, is not a 
safe method for the purpose of finding elasticities of demand and 
supply. It is possible to modify this method so as to make it a 
better tool for our purposes, but the limitations of our data pre- 
clude much statistical experimentation in this direction. How- 
ever, such results as we have obtained by the more complex 
methods do not disprove those reached by the simpler methods 
of the previous sections of this chapter. The elasticities of sup- 
ply and demand obtained by the simpler methods of this chapter 
are considered therefore, the most probable values that can be 
deduced from the data at hand. 


VIII. SUMMARY AND CONCLUSIONS RELATING TO SUPPLY 


In order to bring the relation between the various subjects 
treated in this chapter into a rough unity, it may be convenient 
to summarize the various facts, inferences, and suggestions 
which have been detailed. 
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1. The results of a method cannot be separated from the 
method itself. The many reservations and limitations which at- 
tach to a given result and the fine differences which distinguish 
it from related results cannot be understood except in terms of 
the operations by which it was derived. Thus the concept of 
elasticity of supply (or demand) is synonymous with the set of 
operations by which tt is determined. If we keep this in mind, 
and if we recall that the results relating to supply are based on 
the data for the “normal” period of 1903-13, during which there 
was no change in the duty on raw sugar; and that, therefore, 
they may not hold today, it will not be necessary to repeat all the 
reservations with which the various conclusions must be ac- 
cepted. 

2. The elasticities of the various supplies investigated in the 
foregoing pages vary according to the price series that are used. 
The elasticity of the domestic supply is between +-0.62 and 
++o.95; the elasticity of the imports from non-dutiable sources 
is between -+0.72 and +1.05; and the elasticity of the combined 
supply from domestic and non-dutiable sources is between +-0.56 
and -++o.78. If we work with average annual prices the figures 
show that an increase of 1.0 per cent in the average price for any 
year is associated with an increase of Jess than 1.0 per cent in the 
supplies from domestic and other non-dutiable sources for the 
same year, whether they be taken severally or jointly. The coef- 
ficients are all derived from “lines of best fit,” and this must be 
taken into account in comparing them with corresponding coeffi- 
cients obtained by other methods. 

3. The elasticity of the supply (e) from domestic and non- 
dutiable sources is numerically greater than the elasticity of the 
United States demand, which, it will be recalled, is 7—=— 0.5, i.e., 
the supply from domestic and non-dutiable sources is relatively 
more elastic than the United States demand, although both are 
inelastic, i.e., both are numerically less than 1.0. 

4. The world’s supply of sugar is also inelastic, the coeffi- 
cient of elasticity of supply, ew, being +-0.57—or, say, -+o.6. 
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That is to say, a I per cent increase in the New York price for 
any year will call forth an increase of only 0.6 of 1 per cent in the 
world’s production for the following year. 

5. The world’s demand for sugar is also inelastic, the elas- 
ticity of demand, nw, being —o.64, or, say, —o.6, which means 
that a 1 per cent increase in the New York price for any year will 
reduce world-consumption in the same year by only 0.6 of 1 per 
cent. The numerical equality between ew and yw, which is to be 
expected in a self-contained economy only under some rather ex- 
treme assumptions, thus tends to be approximated in the world 
sugar market. 

6. The foregoing values of the elasticities of supply and de- 
mand are valid only for the “normal conditions” defined in the 
text. A change in the conditions is accompanied by a change in 
the values of e and 7. The amount of change in these coefficients 
corresponding to any change in price can easily be computed 
from the equations given in the text. 

7. The factors considered in the study of supply account for 
79.4 per cent of the variance (o°) of average annual prices. 
World-production accounts for 52.1 per cent; imports from in- 
sular possessions, for 23.7 per cent; and domestic production, 
for only 3.6 per cent. 

8. The laws of supply and demand discussed in this study 
are all short-time laws: 

In the more fundamental questions which relate to long periods, the 
matter is . . . . more complex. For the ultimate output corresponding to 
an unconditional demand at even current prices would be theoretically infi- 
nite; and therefore the elasticity of supply of a commodity which conforms 


to the law of Increasing Return, or even to that of Constant Return, is 
theoretically infinite for long periods.** 


We may, however, express short-time supply and demand 
curves in terms of the absolute quantities and prices for any one 
year and thus obtain what Professor Moore has termed ‘“‘a mov- 
ing equilibrium of demand and supply.” For example, by ex- 


* Marshall, op. cit., pp. 456, 457. 
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pressing the world’s supply and demand equations (see Fig. 28) 
for each year from 1903 to 1913 in terms of absolute quantities 
and prices,’ we can show the “moving equilibrium,” or the shift 
of the supply and demand curves from year to year as a result of 
dynamic changes. The graphical representation of this moving 
equilibrium calls for a diagram in three dimensions—the first for 
price, the second for quantities, and the third for time. The dia- 
gram will resemble a long, inclined, slightly undulating wire, 
around which are fastened, at their centers, pairs of pins roughly 
perpendicular to each other. The long wire represents the ratios 
between the computed trends of prices and the corresponding 
trends of the quantities (or the ratios between “normal” prices, 
and the corresponding “normal” quantities). It is about this 
long line—the trend of the ratios—that the pairs of pins, the 
short-time supply and demand curves, fluctuate. (See equations 
[5],p- 41; [8], p. 62; [11], p. 74; and [15], p. 85.) 

9. The laws of supply derived in this study are dynamic 
laws; they describe in summary form the “routine of change” of 
important economic phenomena. They are the dynamic laws of 
supply in the simple form (link relatives). They are quite dif- 
ferent from the static law of supply, which “may be only ap- 
proached, but never realized, in inductive investigations.” 

to. Of the many questions that are raised by this study, two 
in particular deserve attention: (1) How does it come about that 
United States production of sugar is high when world-production 
is low, and vice versa? (The correlation between United States 
production [X1] and world-production [Xw] is r=—0o0.49, and 
the correlation between United States production plus imports 
from insular possessions [Xs] and world-production [Xw] is 
r=—0.69.) (2) What is the explanation of the high negative 
correlation between United States production plus imports from 
insular possessions (X3) for any one fiscal year, and the prices 
for the six-month period January to June (V3), which begins 


See pp. 40-42, 61-62, 74-76, and 85-87 for method. 
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half a year later? (The correlation between X3 [1902] and Ys 
[1904] isr—=—o.94. See Table VIII.) 

11. The object of this study has been to make an explora- 
tion into the difficult and interesting field of statistical econom- 
ics, not to develop methods of forecasting the price or the pro- 
duction of sugar. We venture to hope, however, that the results 
reached in this study will not be without interest to the trade. 

In the following chapter the results reached in the foregoing 
pages will be used to estimate the effect of the tariff on sugar 
prices. 


PART III. APPLICATIONS TO THE TARIFF 
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CHAPTER VI 


COST OF PRODUCTION, SUPPLY AND DEMAND, AND 
THE TARIFF 


I. THE PROBLEM: EFFECT OF A TAX ON THE PRICE OF A 
COMMODITY 


Suppose the tariff on an important commodity—say sugar 
—is increased by one cent per pound. By how much will the tax 
raise the price paid by the consumer? What will be its effect on 
consumption? On domestic production? On imports? On the 
profits of the sugar industry? 

These are the important questions on which depend the eco- 
nomic wisdom and social desirability of modifying the present 
tariff rate. They are of recurrent interest at nearly every presi- 
dential election. One would expect, therefore, that professional 
economists would be in a position to provide reliable quantita- 
tive answers to these questions. But not only have American 
economists been found wanting in this respect but they have, 
with a few glorious exceptions, even failed to develop the theory 
and technique without which no quantitative answers are pos- 
sible. 


II, POPULAR SOLUTIONS 


This condition is to be deplored, because the methods which 
are commonly employed in attacking these problems are invalid. 
As an example, take the question of the effect of the tariff on 
only one factor—the price of the commodity. The popular 
method of deriving an answer to this question consists of draw- 
ing up tables or graphs showing that prices, after the imposition 
of a tariff, have risen (or fallen). Of course, this method proves 
nothing with respect to the effect of the tariff on prices because 
it does not eliminate the other causes which have contributed to 
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the price changes. What we desire to know is not how much 
higher the price will be after the imposition of a tariff than it 
was before but how much of the increase is due to the tariff and 
how much to other causes. This is a problem which cannot be 
solved by ‘common sense” or “practical” methods; for, as 
Edgeworth put it, it is “too complicated for the unaided intel- 
lect to deal with.” Recourse must be had to analytical methods. 
We therefore turn for guidance to economic theory. 


III. SOLUTION PROVIDED BY ECONOMIC THEORY* 


The teachings of economic theory relative to the effect of a 
differential tax on the price of the taxed commodity are very def- 
inite and point the way to a solution of this problem. They may 
be stated as follows:? 

1. The more urgent our demand for the taxed commodity— 
that is, the more “necessary” the commodity is to us—the more 
nearly will the price rise to the full amount of the tax. 

2. The greater the increase in the quantity of the commodi- 
ty offered in our market from home (untaxed) sources in conse- 
quence of a given change, the less will the price change be. 

3. The greater the change in the quantity offered from the 
taxed sources, the greater will the rise be. 

But we have seen that the urgency of our demand for a com- 
modity is measured by the coefficient of the elasticity of demand. 
Similarly, the change in the quantity supplied in the market in 
consequence of a given price change is measured by the magni- 
tude of the coefficient of the elasticity of supply. Hence the 

* This section is reprinted with some changes from the author’s “Statistical 
Measurement of the Elasticity of Demand for Beef,” Journal of Farm Econom- 
ics, July, 1924. The author is indebted to Dr. E. G. Nourse, editor of that jour- 
nal, for permission to reprint. 

* Cf. A. C. Pigou, “The Known and Unknown in Mr. Chamberlain’s Pol- 
icy,” Fortnightly Review, January, 1904, p. 44; T. N. Carver, “The Incidence of 


Costs,” Economic Journal (December, 1924), and Principles of National Econo- 
my, chap. xxxii; E. R. A. Seligman, The Shifting Incidence of Taxation (4th ed.), 


PP. 373-79. 
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foregoing three propositions may be summarized as follows: 
“Other things being equal, when one source of supply is taxed 
and the other left free, the rise of price will be greater, the 
greater are the output and elasticity of the taxed source relative- 
ly to the untaxed source.’ 

The validity of this conclusion may, perhaps, be made more 
obvious by reference to the four cases of Figure 36. Consider 
first Case A, which is designed to show the effect of a tax when 
it is levied on the elastic source of supply and when the demand 
for the commodity is elastic. Let the demand curve be given by 
DD’. Let there be two sources of supply, 1 and 2. (One of these 
sources may be foreign and the other domestic or non-dutiable, 
or both may be foreign.)* Let SS’, be the comparatively ine- 
lastic supply, and let S.S’, be the comparatively elastic supply. 
If the supply from source 1 were the only one available, the 
price would be given by the distance that A is above the X-axis. 
If the supply from source 2 were the only one available, the price 
would be given by the distance that B is above the X-axis. But 
both sources of supply are available at the same time. The price 
will, therefore, depend upon the point where the aggregated sup- 
ply curve crosses the demand curve. The aggregated supply 
curve may be derived from the supply curves S,S’, and S.S’, by 
adding, for each price, the amounts supplied by both sources at 
that price and taking this sum as the abscissa of the aggregated 
curve, the ordinate as before representing price. In constructing 
the aggregated supply curve, the assumption is made, for con- 
venience in exposition, that the quantity produced in source 1 
has no effect on the supply schedule of source 2. Thus, when the 
price is Op, the amount supplied by source 1 is G and the 
amount supplied by source 2 is pH; the amount supplied by 
both sources is pG+pE=pP. The aggregated supply curve 


° A.C. Pigou, Economics of Welfare (1920), p. 942. 

‘The assumption of only two sources of supply, one relatively more elastic 
than the other, is made simply for convenience in exposition. The conclusion can 
be extended to cover any number of sources of supply. 
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S.FP crosses the demand curve DD’ at P. The market price 
is, therefore, MP; the amount supplied by source 1, OQ; the 


if 


Fic. 36.—Disturbance of the conditions of supply by a tax. 
Case A: Tax levied on elastic supply, demand elastic. 
Case B: Tax levied on elastic supply, demand inelastic. 
Case C: Tax levied on inelastic supply, demand elastic. 
Case D: Tax levied on inelastic supply, demand inelastic. 


amount supplied by source 2, OE’; and the total amount sup- 
plied and demanded is OQ+ OL’ or OM. 
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Now let a tax of S.T units be laid on the (foreign) supply 
S.S’,. The supply curve of source 2 becomes TT’, and the new 
aggregated supply curve eventually becomes JP’. The latter 
crosses the demand curve DD’ at P’. The price rises, as a re- 
sult of the tax, from MP to M’P’, or by pg. The total consump- 
tion is decreased from OM to OM’ or by M’M. The supply 
from the taxed source is reduced by OE’ to ON or by NE’, but 
the supply from the untaxed source is increased from OQ to OR, 
or by OR. 

The other effects of the tax, such as, for instance, the changes 
in the profits of the producers, may also be conveniently studied 
by means of this diagram. For the present purposes, however, 
we shall concentrate our attention on the effect of the tariff on 
prices. We have just seen that the increase in price is measured 
by 29. 

In Case B the conditions of supply are the same as in Case 
A, but the demand is assumed to be inelastic. It will be seen 
that the more inelastic the demand, the greater the price change, 
other things remaining equal. 

Cases C and D show the effects of a tariff when it is levied on 
the comparatively inelastic source of supply, the former show- 
ing the effects when the demand is comparatively elastic, and the 
latter when it is comparatively inelastic. It will be seen that 
when the tax is levied'on the comparatively inelastic source of 
supply, the increase in price is, other things remaining equal, 
less than when it is levied on the elastic supply. (Compare 
Cases C with A, and D with B, with respect to the magnitude 
of pq.’) 

These conclusions may be expressed in mathematical sym- 
bols as follows:° 

°In drawing these graphs it was assumed that enough time has elapsed after 
the change in the tax for the new equilibrium to be established between supply 
and demand. 


® See the following works by A. C. Pigou: (1) “The Known and Unknown 
in Mr. Chamberlain’s Policy,” Fortnightly Review, January, 1904, p. 44; (2) 
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Let P be the price in the absence of any tax and let S, and 
S; be the present supplies to the home market from non-dutiable 
(domestic) and foreign sources, €, and e their respective elas- 
ticities of supply, and 7 the elasticity of the domestic demand 
curve (7 is necessarily negative). Then, if T; be the tax on the 
foreign supply, “and if we assume that for the small portion of 
the demand and supply curves with which we are concerned, the 
elasticities do not alter,” the change in price, AP, is given by the 
formula: 


é pS a 
rota epSptepSp—1(Sp+Sy) * (80) 

In the foregoing equation, ¢, and S,, may be assumed to re- 
late to the aggregate supplies to the home market from both do- 
mestic and insular (i.e., from all non-dutiable) sources. If sep- 
arate values are available for the elasticity of supply of, and the 
quantity derived from, each separate source, equation (80) be- 
comes somewhat more complex. 

Professor Pigou also shows that the same result might be 
written “in another and, for some purposes, more convenient 
notation,” as follows: 

Let A and B represent the domestic (including insular) and 
foreign production, é, and e, their respective elasticities of pro- 
duction, and », and 7, those of demand in the two sources, re- 
spectively; then 

€pA—1pA 


AaB Aw, (81) 


This equation, like the preceding, becomes somewhat more com- 
plex when several sources of supply and demand are considered.” 
Equation (81) differs from equation (80) in two particu- 


Protective and Preferential Import Duties (1906), pp. 94-05; (3) Economics of 
Welfare (1920), p. 942. I have taken the liberty to modify some of the symbols 
used by Professor Pigou. 


"See especially, Pigou, Protective and Preferential Import Duties, pp. 94-95. 


PRODUCTION, SUPPLY AND DEMAND, TARIFF 109 


lars: first, it allows for the effect of the foreign demand; and sec- 
ond, it works with the domestic and the foreign production (A 
and B) and their respective elasticities of production, instead of 
with the supplies to the home market from non-dutiable (do- 
mestic) and foreign sources and their respective elasticities of 
supply. 

Of these differences, the first is the more important, for 
nearly all commodities which give rise to tariff problems are de- 
manded by more than one country. Furthermore, the form of 
equation (81) is not changed whether we work with production 
or with supply, although Professor Pigou’s distinction between 
the elasticity of production and the elasticity of supply is con- 
ducive to clearness of thought. But since in this study the em- 
phasis has, in general, been more on supply than on production, 
and since the unnecessary multiplication of symbols is to be 
avoided, it is desirable to rewrite equation (81) in a slightly dif- 
ferent form, or in terms of supply, so as to show more clearly its 
relation to equation (80), which assumes only one source of de- 
mand for the commodity in question. In this form, Professor 
Pigou’s equation (81) becomes 


ef St — sD 
IN Als 
t f.S}+-epSp—sD;— 1aDa 
I 
=T; epSp—naDa > (82) 
epSt—nsDys 


where Da and D; are the quantities demanded in the home mar- 
ket and abroad; 7 and 7; their respective elasticities of demand; 
S;, the total foreign supply (and not simply the supply to the 
home market from foreign sources, which was indicated by S; in 
[80]); and e the elasticity of the total foreign supply. The 


fi 
other symbols have the same meaning as in equation (80).° 


* Formula (82) was also deduced by Philip G. Wright, of the Institute of 
Economics, and, quite independently, by Theodore O, Yntema, of the University 
of Chicago. I am indebted to these gentlemen for helpful suggestions. 

Both formulas are based on the assumption of straight-line demand and 
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It is evident, therefore, that economic theory offers a satis- 
factory solution of the problem of effect of a tariff on the price of 
a commodity, provided we can determine the domestic and for- 
eign supply and demand curves. 


IV. EFFECT OF THE TARIFF ON THE PRICE OF SUGAR 


The various constants which are called for by formula (82) 
have either been determined or can be estimated. 

The elasticity of the United States demand (72) has been 
found, by four different methods, to be approximately equal to 
—o.5 under “normal” conditions.’ That is to say, based on the 
experience of 1890 to 1914, an increase in the price of sugar of 
I per cent will reduce consumption by 1% of 1 per cent under 
normal conditions. 

The elasticities of the domestic and insular supplies vary ac- 
cording to the price series used*’ and according to whether the 
supplies to the home market from domestic and insular sources 
are combined or treated separately. Table XI shows the effect of 
the different price series on the elasticities of supply. The elas- 
ticity of the combined supply from the two sources (ep) is be- 
tween +0.6 and +0.8, or an increase in the price of sugar of 1 
per cent will “call forth” an increase of between o.6 and 0.8 of 1 
per cent in the quantities derived from non-dutiable sources. 

The only coefficients that have not as yet been determined 
are the elasticities of the foreign demand and supply. We have, 


supply functions—an assumption which is not contradicted by the empirical sup- 
ply and demand functions which have been derived for sugar. The quantities 
appearing in these formulas are “variable constants.” When applied to any prob- 
lem they must be given the values which they assume at the point of equilibrium 
established before any change is made in the duty. 

It is perhaps necessary to remark that in any practical problem the change 
in price, AP, may be best obtained by the graphic method, which, of course, 
makes no assumption whatsoever about the nature of the demand and supply 
curve. 


* Pp. 45-46, 62-65, 76, 87-90. 
* Probably the same is also true of the elasticity of demand. 
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however shown"' that the elasticities of the total world demand 
and supply, which, of course, include the demand and supply of 
the United States, are 7w—=—o0.6 and ew—=-+0.6, respectively. 
As these figures are nearly equal, respectively, to the elasticities 
of the domestic demand and of the domestic and insular supply, 
we may assume that even if the United States consumption and 
the United States production (including imports from insular 
possessions) had been eliminated, respectively, from the totals 


TABLE XI 


COMPARISON OF THE ELASTICITIES OF THE SUPPLIES DERIVED 
FROM Domestic PRopucTION, Imports FROM INSULAR 
POSSESSIONS, AND FROM THE Two SouRcES COMBINED, 
BY Usinc DirreRENT PRICE SERIES 


ELAstTIcITy oF SUPPLY DERIVED FROM 


Domestic 


Price Data* Imports from | Production 


Domestic 
Fy Insular plus Imports 
PoaneHon Possessions | from Insular 
a ej Possessions 
7) 
Biscalivear: primes aces: +0.95 +1.05 +0. 78 
October—May........... -bo. 62 +0. 77 -bo. 58 
Jantlaty—JuUne sya .te <= « +o. 62 +0. 72 +o. 56 


* The period covered by the data is from 1903 to 1913. See footnotes 
to Tables VI, VII, and VIII. 


of world demand and supply, the resulting data would still have 
yielded approximately the same values for the two coefficients 
as those just given. We may, therefore, to a first approximation, 
assume the elasticity of the foreign demand (i.e., world demand 
minus United States demand) to be »,—=— 0.6, and the elasticity 
of the total world-supply (i.e., world-supply minus United States 
and insular supply) to be e;—=-+0.6.” 

There remain to be determined the quantities that are nor- 
mally demanded and supplied in the home market and abroad 


* See p. 168. 


* A distinction is made between ef, the elasticity of that part of the foreign 
(taxed) supply which reaches the United States, and e’f, the elasticity of the to- 
tal foreign supply. 
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(i.e., in the rest of the world). Since these quantities must be 
the equilibrium quantities established before the imposition of 
the duty, they ought to be determined from the trends (or from 
the averages of the link relatives) of the same quantities for the 
year immediately preceding the change in the duty. For the 
present purpose, however, we may, with sufficient accuracy, take 
the average annual consumption and production at home and 
abroad during the five-year period which ended in June, 1914, 
as the “equilibrium” or “normal” quantities demanded and sup- 
plied** in the taxed and untaxed sources. These are shown in 


TABLE XII 


ANNUAL CONSUMPTION AND PRODUCTION OF SUGAR IN THE 
UNITED STATES AND IN THE REST OF THE WORLD; 
AVERAGE, 1909-14* 


(Millions of Short Tons) 


Item World-Total | United States Po ta8h 
Demand (consumption) 18.90 3.098 14.92 
Supply (production)..... 18.90 r.96T 16.94 


* Based on Tables 381 and 386 of the Agricultural Yearbook, 1924. 
+ Includes imports from insular possessions. 


Table XII. Thus, the “normal” quantities of sugar demanded 
annually in the home market and abroad during the period un- 
der consideration were, respectively, Da=3.98, and D;=14.92 
millions of short tons; the “normal” quantity supplied annually 
to the home market from domestic and non-dutiable sources was 
Sp=1.96 millions of short tons; and the “normal” total foreign 
supply was S}=16.94 millions of short tons per annum. These 
figures are the weights that must be applied to the coefficients of 
the elasticities of supply and demand in formula (82). 

Table XIII brings together the values that have been as- 
signed to the eight constants of this formula. 


*Tt should be kept in mind that the supply curves were based on data for 
the years 1903-13. 
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Substituting these values in (82), we obtain 


— I —_— 
age! a 0. 6(1.96) +0. 5(3.98) Tees Olly (83) 


0.6(16.94)-+0.6(14. 92) 


or the increase in price is 86 per cent of the duty. That is, if 
during 1909-13 the duty on sugar had been increased or de- 
creased by 1 cent per pound, the normal effect would have been 
to increase or decrease the price per pound by 0.86 of one cent. 
The assumption is made, of course, that sufficient time has 


TABLE XIII 


ELAstIcITIEs OF DEMAND AND SUPPLY OF SUGAR IN THE UNITED 
STATES AND ABROAD, AND THE AVERAGE ANNUAL DEMAND 
AND SUPPLY DURING 1909-14 


UnITepD STATES ForEIGN COUNTRIES 
Item 
Symbol Value Symbol Value 

Elasticity of demand............ Na —0.5 ng — 0.6 
Elasticity of supply............. ep -+0..6* ef + 0.6 
Quantity demanded (millions of 

short; tons) onscreen aie <: Fy 3.98 D 14.92 
Quantity supplied (millions of 

short! tons); scant aeriae ens » Sp 1.96 S 16.94 


* Relates to United States production and imports from insular possessions. 
t Includes imports from insular possessions. 


elapsed after the change in the duty for the new equilibrium to 
be established between supply and demand. 

In applying formula (82), two interesting questions present 
themselves: first, should not the figures of those countries 
which consume all that they produce be eliminated from the to- 
tals for “foreign countries,’ because this production does not 
affect the world-price?; second, if this is done, would not the re- 
sult be a significantly lower figure for the increase in price due 
to the tariff? The answer is that there is no self-contained econ- 
omy with respect to sugar whose production is of sufficient im- 
portance to affect the world-price. Even if the entire output of 
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India,‘* whose production is second only to that of Cuba, be 
eliminated from the totals for the foreign countries (see Table 
XII), the effect would only be to reduce AP in eee: (83) 
from 0.86 T; to 0.83 T}. 

Another question that presents itself relates to the accuracy 
of the elasticity of the domestic supply. While four different 
methods give practically identical values for the elasticity of the 
United States demand, the same is not true of the elasticity of 
supply. As has already been pointed out, the elasticities of the 
domestic and insular supplies vary according to the price series 
used and according as the supplies to the home market from 
United States and insular sources are combined or treated sep- 
arately. The elasticity of the combined supply from the two 
sources (e,) is between --o.6 to -+-0.8, approximately, depend- 
ing upon the price series used (see Table XI). In the foregoing 
computations, e, was given the lower value, or +--0.6. Would not 
the assumption that the elasticity of the combined supply is 
nearer to the upper limit, or +-0.8, lead to a radically different 
conclusion as to the effect of a tariff on the price of sugar? By 
substituting different values for e,, in equation (82), we can eas- 
ily see that even if the elasticity of the domestic supply be taken 
as high as +1.0, this would have only a relatively small effect on 
AP, or a decrease in its value from ++0.867; to +0.837;. 

We conclude, therefore, that under such average conditions 
of demand and supply as had prevailed during the five years be- 
fore the war, the increase in price due to a tariff on sugar would 
be approximately 86 per cent of the duty, the remaining 14 per 
cent being borne by the foreign exporters. Whether the present 
tariff on sugar has a greater or less effect on price than tt would 
have had during the five years before the war, depends on wheth- 
er the ratio of the output and elasticity of the taxed supply to 
the output and elasticity of the untaxed (domestic and insular) 
supply is greater or less than it was during 1909-13. 


* India’s average annual production for the period from 1909-10 to 1913-14 
was 2,650 million short tons. See Agriculture Yearbook, 1924, Table 386. 
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Formulas and methods similar to those employed above may 
also be derived for estimating the probable effect of any tariff 
on imports, domestic production and consumption, and the rev- 
enue derived by the government. Such information would not 
point the way to a “right,” or “correct,” tariff, as such terms are 
incapable of definition. It would, however, indicate the probable 
consequences of the present or proposed tariff, and the duty- 
levying agency would be in a position to weigh and balance the 
advantages of any tariff against its disadvantages. 

It is, perhaps, unnecessary to add that the use of the meth- 
ods herein discussed presupposes a general knowledge of the 
industry or commodity under consideration. 


V. THE ECONOMIC THEORY OF THE “FLEXIBLE-TARIFF” 
PROVISION 


This conclusion naturally invites comparison with the theory 
underlying section 315 of the Tariff Act of 1922, which empow- 
ers the president with certain limitations to change duties by 
_ proclamation. This has come to be known as the “flexible-tariff” 
provision. The substance of it is that when the president finds 
upon investigation that any duty contained in this Act does not 
“equalize” the difference in the cost of production in the United 
States and the principal competing country, he shall raise or 
lower the duty by an amount necessary to “equalize” the dif- 
ference provided that no change in the rate of duty shall exceed 
50 per cent, except in the special case when the basis of assessing 
the rate of duty may be changed from the foreign value of the 
article concerned to the American selling-price. The president 
is, however, specifically denied authority to transfer an article 
from the free list to the dutiable list, or from the dutiable list to 
the free list. The Act further provides that the investigations to 
assist the president in ascertaining the difference in cost of pro- 
duction shall be made by the United States Tariff Commission 
and that he shall issue no proclamation changing a duty until an 
investigation has been made. 
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This cost-of-production formula for tariff-making has been 
vigorously attacked by several authorities. Thus a former chair- 
man of the United States Tariff Commission, Dr. Thomas Wal- 
ker Page, argues’ that— 

(1) The difference in costs of production is unfit for general applica- 
tion as a measure of duties because it would make some duties too low and 
others altogether too high... . . ae 

(2) The application of the difference between costs as a measure of 
duties is usually impossible owing to the difficulty of finding what the dif- 
ference amounts to..... ae 

(3) Even if cost data were reliable the fact would remain that there is 
in every country more than one cost at which any commodity is produced 
in commercial quantities. ... . a8 

(4) The difficulties in obtaining and verifying costs of production are 


infinitely greater in foreign countries than they are in the United States. 
19 


He concludes that— 

. it is rarely possible to ascertain accurately the difference in costs of 
production at home and abroad. To use as the basis of a general tariff act 
a thing so fleeting, evasive, or shadowy would be neither right nor possible.?° 

Professor Taussig, the first chairman of the United States 
Tariff Commission, is equally vigorous in his denunciation of this 
quasi-automatic formula,’ though on slightly different grounds. 

With these criticisms, however, we shall not concern our- 
selves. In fact, we shall assume for the present purpose that it is 
entirely possible and practicable to obtain adequate and une- 
quivocal cost data at home and abroad; that there are no diffi- 
culties of any importance connected with joint costs, original 
investment, entrepreneurs’ wages as distinguished from his prof- 
its, market boundaries, transportation costs, size of sample, etc.; 

* Thomas Walker Page, “Tariff Making by Formula,” Making the Tariff in 
the United States, chap. vi. 

* Tbid., p. 74. 

 Thid., p. 83. ; ” Ibid., p. 95. 

* Tbid., p. 89. * Tbid., p. 99. 

1B, W. Taussig, “The United States Tariff Commission and the Tariff,” 
American Economic Review, XVI, No. 1 Supplement (March 1926), 170-81. 


PRODUCTION, SUPPLY AND DEMAND, TARIFF = 207 


and we shall address ourselves to certain theoretical aspects of 
the cost-of-production formula which have not, perhaps, re- 
ceived the attention that they deserve. 

1. A good many, if not most, of the officials and economists 
who work with the accounting cost curve (particular expenses 
curve) that has been made familiar through the publications of 
the United States Tariff Commission, the Federal Trade Com- 
mission, and other bodies, are under the impression that it is the 
statistical equivalent of the theoretical cost-of-production curve 
that is discussed in works on economic theory. This leads them 
to the tacit assumption that price is determined at the point 
where this particular expenses curve (ogive) is crossed by the 
demand curve; and this assumption is, in turn, responsible for 
fallacious conclusions based on the “‘bulk-line” principle. __ 

The “bulk-line” practice originated with the Price-Fixing 
Committee of war-time fame.” This Committee, having been 
called upon to fix the prices of commodities for which the war- 
time demand was particularly inelastic, adopted the course of 
-fixing— 

. a maximum price, the same for public purchases and for private, the 
government taking all it wanted and the general public scrambling to buy 
at the maximum prices whatever it could get.?° 

The basis upon which the findings and agreements of the Price-Fixing 
Committee rested was in the main the familiar and plausible one of cost of 


production..... The figures and statistics of cost which were utilized 
were supplied in all cases by the Federal Trade Commission.?* 


That is to say, the figures and statistics related to what we have 
termed “accounting costs.” 


In general, in the price-fixing operations for such articles, regard was 
had to the marginal producers. A new jargon was often used, superseding 
that of the economists: the “bulk-line” producer and “bulk-line” cost spo- 
ken of. It was cost of production at the hands of this marginal or bulk-line 
person that usually formed the basis of the prices fixed. Sporadic cases of 


*See F. W. Taussig, “Price-Fixing as Seen by a Price-Fixer,” Quarterly 
Journal of Economics, XXXIII (February, 1919), 205-41. 


* Ibid., p. 216. ** Ibid. 
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exceptionally and extremely high cost were disregarded, and properly so. 
Extreme high costs in individual cases are part of the flotsam and jetsam of 
economic life—accidents, of no real significance. The marginal or price- 
determining producer was found at the point where from 80 per cent to go 
per cent of the output was included. As a rule a price was fixed which 
would “protect” four-fifths or nine-tenths of the entire output.?° 


As a war-time measure this procedure cannot be criticized. 
Some simple, easily-understood method had to be adopted which 
would meet the needs of the Committee, and the “bulk-line” 
method was probably as good as any. But the authority of the 
eminent economists who served on the Price-Fixing Committee is 
being used in support of the same method of computing costs for 
tariff making, without a critical examination of the implicit as- 
sumptions involved. 

To judge from the current attempts to apply the “bulk-line” 
method to tariff problems, the reasoning of some of the “bulk- 
line” adherents seems to run something like this: 

If the demand curve were available we could, by bringing it 
into juxtaposition with the cost curve, determine the price of the 
commodity and the quantity produced at a profit (or loss). But 
notwithstanding our ignorance of the shape of the demand curve, 
we know the ordinate of the point at which this curve crosses the 
supply curve, for that ordinate is equal to the price. By drawing 
a line—a bulk-line—parallel to the X-axis and at a perpendicu- 
lar distance above it equal to the price (i.e., ordinate) and pro- 
jecting this line until it cuts the cost curve, we can also obtain 
the abscissa of the point at which the cost curve is crossed by the 
demand curve, and thus determine the effects of a given duty. 

The entire argument is fallacious: 

The “cost” curve used in the ‘“‘bulk-line” method is not a 
true (theoretical) cost curve but is what we have termed an “‘ac- 
counting cost curve,” or Marshall’s “‘particular expenses curve,” 
or simply the frequency distribution of costs for one year cumu- 
lated upward. The true cost curve would show changes in annu- 


** Tbid., p. 210. 
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al (or periodic) output, i.e., changes in the scale of production, 
corresponding to changes in unit costs. The accounting cost 
curve shows nothing of the kind.** It cannot, therefore, be safely 
used to determine the effect of a given duty on the conditions of 
supply. 

2. Even if it were possible directly to deduce the theoretical 
cost curve, it could not always be brought into juxtaposition with 
the demand curve; for price is determined not at the point 
where the demand curve crosses the cost curve, but where it 
crosses the supply curve. Under conditions of increasing costs, 
the unit supply curve is the curve of marginal costs and it lies 
above the curve of average unit costs. (Compare sa’ and sa, Fig. 
27B.) Under conditions of decreasing costs, the curve of mar- 
ginal costs is below the curve of average costs, but then the sup- 
ply curve must be taken as the curve of average unit costs.*" 
(Compare sa and sa’, Fig. 27D.) Under conditions of constant 
costs the curve of marginal costs coincides with the curve of av- 
erage costs. This means, of course, that under conditions of con- 
stant cost, there is no difference between the cost curve and the 
supply curve. (See Fig. 27F.) However, there are very good rea- 
sons for believing that the two conditions under which the cost 
curve would be taken as the supply curve are inconsistent with 
the assumption of free competition. There is, then, in theory, 
only one type of supply curve which is in the long run compati- 
ble with the assumption of free competition—the positively in- 
clined (unit) supply curve. It does noé coincide with the (unit) 
cost curve. To confuse the two curves may lead to erroneous 
conclusions as to the effect of the tariff on conditions of supply. 

3. Scientifically to determine the effect of a tariff on condi- 
tions of supply, we must work, not with cost curves, but with 
supply and demand curves. 

*°For a fuller discussion of the difference between the accounting cost curve 
and the theoretical cost curve, see supra, pp. 104-11. 


7" See p. 120, above, and Irving Fisher, Elementary Principles of Econom- 
ics, pp. 315-16. 
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4. Modern statistical methods enable us to deduce concrete 
statistical supply and demand curves for a good many com- 
modities, and consequently to measure the effect of a given duty 
on the price, domestic production, and imports of the article 
concerned—something that could not be done by the “bulk-line” 
method. 


In view of the foregoing, is it not clear that the more scien- 
tific approach to the tariff problem is through the methods sug- 
gested in this chapter, which take into consideration the forces 
behind both demand and supply rather than through the cost 
or “bulk-line” method? The supply curve has several advan- 
tages over the cost curve. First, it overcomes theoretical objec- 
tions to the cost method mentioned above; and second, it does 
not lead us into the metaphysics of farm costs. All it tells us is 
the relation between a given change in price (not cost) and the 
corresponding change in supply. It is a summary presentation 
in quantitative terms of how producers react to the price stimu- 
lus. It does not inquire why one producer will react one way and 
another producer in another way and then make their reactions 
comparable by imputing certain prices to the invested capital, 
labor, etc., as is done by the cost method. It simply shows what 
is the average reaction of producers to a given change in price. 
That is, it summarizes in a sort of “mental shorthand” the whole 
mesh of environing conditions affecting supply. 

Finally, it must be emphasized that the possibility of deduc- 
ing concrete, statistical demand and supply curves will not only 
enable us to measure the effect of a given duty on conditions of 
supply, but will also enable us successfully to attack other prob- 
lems which are at present considered insoluble. 


APPENDIX I 


COMMENTS ON PROFESSOR LEHFELDT’S METHOD 
OF DERIVING THE ELASTICITY OF 
DEMAND FOR WHEAT 


Instead of first finding the law of demand for wheat and then deducing 
the elasticity of demand, Professor Lehfeldt removes the trends from the 
statistics of supply and prices, finds the standard deviations of the corrected 
series (or, rather, of the Jogarithms of the corrected series), and computes the 
coefficient of elasticity of demand from the formula: 


G. «| Oy (1) 


where ox is the standard deviation of the logarithms of the crops (supply) 
during the period under consideration, and cy is the standard deviation of 
the logarithms of the corresponding prices.t He finds that oz=26.4, cy=43, 
and concludes accordingly that n= 26.4/43=0.6. 

This procedure is open to the objection that it assumes the existence of 
perfect correlation between the variables when, by his own computations, 
the coefficient of correlation is r= —o.44. And when this moderate value of r 
is taken into consideration, it is not at all clear that the elasticity of demand 
for wheat is 7=—o0.6. A closer examination of Lehfeldt’s method will throw 
some light on its rationale. 

Professor Lehfeldt refers to 0.6 as being the elasticity of demand for 
wheat. This involves the assumption that the law of demand for wheat is a 
hyperbola of the form 

xy"=c (II) 


otherwise the coefficient of elasticity of demand would vary from point to 
point on the demand curve. As he works with logarithms, equation (II) may 
be written as 

log «-+ log y=log ¢ (IIa) 


or, denoting the logarithms by capital letters and transposing, 


Y=—mX+B (11d) 


1 We have taken the liberty of changing Lehfeldt’s notation so as to conform 
to that used in this study. See Economic Journal (1914), pp. 212 ff. 


21r 


212 LAWS OF DEMAND AND SUPPLY 


where m== is the slope, and B == log ¢ is the Y-intercept. When (IIB) is 


fitted to the data we may select for our demand curve either the regression 
of Yon X: 


Y’ =x" (111) 
x 
or the regression of X on Y: 
X! = 2y! (IIa) 
Oy 


the accents indicating that the variables are measured from their respective 
means. Since the coefficient of elasticity of demand is, by definition, 


dx /dy_dlogx_dX' 
he: y dlogy dyY’ 


(Iv) 


7 
it is clear-that we shall obtain two different values for = depending 
upon whether we choose to derive it from (III) or (IIIa). 


From III, 
ONS a OE Ged 26.4 é. 
aS GY? 1? a ares (—0.44)\(as0) ae ee (V) 


From IIIa, 


_ GX! oe _(—0.44)(26.4) ; 
acne Ge =—0.27. (Va) 
It will be seen from the foregoing equations that Professor Lehfeldt’s formula 
for the coefficient of elasticity of demand (i.e., n=ox/cy) is true only when 
r is numerically equal to 1.0. 


We do not wish to be understood as saying that Professor Lehfeldt’s 
figure of 0.6 is not a good first approximation to the elasticity of demand for 
wheat. Though the “line of best fit” gives a value for 7 of only —0.36, we 
cannot say definitely that it is a more probable value than Lehfeldt’s figure 
because we are not acquainted with the nature of his data. Furthermore, we 
are in thorough agreement with him when he says, “. . . . the roughest 
attempt to measure a coefficient of elasticity would be better than none.” 
All that we wish to point out here is that one cannot derive a satisfactory 
value of the elasticity of demand without first deriving the most probable 
demand curve. 


APPENDIX II 
TABLES RELATING TO DEMAND 
TABLE I 


Tue TotaL CONSUMPTION AND THE MONEY PRICES OF SUGAR IN 
THE UNITED STATES, AND THE LINK RELATIVES OF 
CONSUMPTION AND PRICES, 1890-1914 


Wholesale 
Total Con- | price of Re- | Link Rela- | 7; 

Year umption (in * Li - 
Beginning |Phouaands off fined Sugar | tives of Con- lives Gf Prices 
January 1 Short Tons) ages in Cents 

per Lb.) 
Fd 4 Y 
ESOC eae 1,654 Get i Ulleo toseoos Bretonecos 
TSOT gees 2,116 4.641 1.279 0. 752 
L892 A. acc saent 2,076 4.346 0. 981 0.936 
1803)h- tas ee 2,136 4.842 1.029 I.114 
SOA ay daisies 2,254 4.120 I.055 0. 851 
TSO taherse-e ase 2,184 4.152 0. 969 1.008 
LSOG ts meee 2,195 4. 532 I.005 1,092 
T8972 teigae ae 2,319 4.503 1.056 0.9904 
TSQS) eseaceoes 2,243 4.965 0.967 I. 103 
TSO i Avisissieee 2,327 4.919 1.037 0.901 
TOGO Fa. tavoneee 2,486 5.320 I.068 1.082 
LOOM dh, sion 2,657 5.050 1.069 0.949 
EQOA ve. lanes 2,874 4.455 1,082 0. 882 
TOQOZ Notsaes arene 2,856 4.638 0.994 I.041 
TOOAN saecsn cies 3,000 4.772 I.085 1.029 
TOOK). ceetae stekene 2,948 5.256 0.951 I. 101 
TQOG' see 3,208 4.515 1.088 0. 8590 
Boe y igo arias 3,353 4.649 I.045 I.030 
XQOS sea araetareee 3,568 4.957 1.064 1.066 
IQOQ\s a5 stateinpereis 3,049 4.765 I.023 0. 961 
EQU Om seureiatets 3,752 4.972 I.028 I.043 
TOLL. eae 3,754 5.345 I.OOI 1.075 
TOU miners 3,925 5.041 I.046 0.943 
TOUS eerie 4,192 4.278 1.068 0. 849 
HOV A Hor ciate tetas 4,212 4. 683 1.005 1.095 
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TABLE IA 


Tue Per Capita CONSUMPTION AND THE REAL PRICES OF SUGAR 
IN THE UNITED STATES, AND THE LINK RELATIVES 
oF CONSUMPTION AND PRICES, 1890-1914 


Per Capita | Real Price Link Rela- Link Rela- 


Year : tives of Per | ,; 
cheer Cc ti Per Pound* . ti f Real 
pemening |G Pounds) | Gin Cents) “Stimpson ePrice 
ESGO.. vearleeate 52.8 9104.3 ellicta ie rccelaaretede |e oaieetee eee 
TESOL enc escces 66.3 5.061 I. 256 0. 762° 
1802S ews sre 63.8 5.053 0.962 0.998 
ESOSG eo eb ace 64.4 5-484 1.009 1.085 
TAQAstt ateeaions 66.7 5. 209 1.036 0.950 
TOON cers eltets 63.4 5.171 0.951 0.993 
FOO Lromeeyaa sine 62.5 5.QOr 0.986 I. I4t 
ESOY ss cicrats, siersnove 64.8 5.863 1.037 0.994 
TSO. erate. gists 61.5 6.183 0.949 I.055 
TOOQ ih arvere shoes 62.6 5.720 I.018 0.925 
EQOO ys 'erale eel ott 65.2 5.727 I.042 I.00r 
POOL ot csi pee 68.7 5.5741 I.054 0.973 
EOO2<)s.2f;e-je1s She 72)8 4.626 I.060 0. 830 
TOO Zire pewter cick 70.9 4.703 0.974 1,017 | 
TOOAGs ear oa eke 7553 4.840 1,062 1.029 
EQOSeictsreieitelets 70.5 5.331 0.936 I.10r 
TOOO ss «ere ers: nails 760.1 4.422 I.079 0. 829 
TOOTS aclaw fists rh Ebs 4.313 Ir.018 0.075 
LOOSE eee sail 81.2 4.803 1.048 I. 114 
FOOO MW sjehy a: ala cone 81.8 4. 285 I.007 0. 892 
TOU aise sels 81.6 4. 204 0.998 I.002 
PTeheg esr OF once: 79.2 5.009 0.971 I.167 
TO WA or. tetapeteiers she 81.3 4.441 1.027 0. 887 
TOES er cletes iscsi 85.4 3.730 I.050 0. 840 
TODA HAG. nace 84.3 4.166 0. 987 DstLy, 
a 


* Real price=money price divided by Bureau of Labor Statistics index 
number of wholesale prices “‘all commodities,” average 1900-1909 = 1.00. 

¢ Throughout the computation the figure 5.436 was erroneously used in 
place of this one. The effect on the result is negligible. 
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TABLE II 


Tue TREND RATIOS OF THE TOTAL CONSUMPTION AND THE MONEY PRICES OF 
SUGAR IN THE UNITED STATES, 1890-1914 


Rea op Qi woate lomsae 
Year E e c Consump- ce per | the Secular | Mone: 
Beginning 2 Eas ee tion Ratios Bound at “Trend of |Price Ratios 
January 1 Tons) tion* (in Cents) Pricest 

x Ty X=2/T, y Ty Y=9/Ty 
OQOwny tis: Saas 1,654 1,923 0. 860 Ont 5.248 1.176 
MOOT eter aarti 2,116 1,954 I.083 4.641 5.033 0.922 
WSO 2 poroteiss a isevate 2,076 1,994 I. O41 4. 346 4. 862 0. 894 
WOO Sha aewiae stare 2,136 2,041 I.047 4.842 4.732 1.023 
TSOA Ute cie vires 2,254 2,007 I.075 4.120 4.639 0. 888 
ESOS re cctern aicten 2,184 2,159 I.O12 4.152 4.579 0.907 
TOOQOR shes sre 2,195 2,229 0.985 4.532 4.548 0.996 
TBO Ts sci siece 2,319 2,305 1.006 4.503 4.542 0.991 
TSQB Tale ae.caties 2,243 2,388 ©. 939 4.965 4.558 1.089 
TOO) c.cvs.s.a/aveterere Besar, 2,476 ©. 940 4.919 4.590 1.072 
EQOO se icine aietelais 2,486 2,569 0. 968 5.320 4.636 1.148 
MOOR sh. oss erect 2,657 2,668 0.996 5.050 4.692 1.076 
ie) BumectGn ccd 2,874 2,771 1.037 4.455 4.753 0.037 
EDOS aie oe els rete 2,856 2,878 0.992 4.638 4.815 0. 963 
TOO = cine eee 3,009 2,989 1.037 4.772 4.876 0.979 
TOOS|=\ sis): sloietatars 2,948 3,104 0.950 5.256 4.930 1.066 
TOD se io: «earls 3,208 3,222 0.996 4.515 4.974 0. 908 
MOO fre cao, sfereis cre 35353 31343 I.003 4.649 5.004. 0.929 
TOOGI cso sd cicete a 3,508 3,46 I.029 4-957 5.016 0. 988 
EQOO steer a a esate 3,649 3,590 1.016 4.765 5.007 0.952 
KOTO 2 oc. elelels 3,752 3,717 I.009 4.972 4.971 1,000 
LOU Ecaayiys/o'e nue 3,754 3,844 0.977 5-345 4.906 1.089 
OU 2 tacks «pisces 35925 3,973 0.988 5.041 4.807 1.049 
ROIS feslotas:io sole, thor 4,192 4,102 7.022 4.278 4.671 0.916 
LOTAI yo ehors araiaerae 4,212 4,231 0.996 4. 683 4.493 I.042 


*The equation to the secular trend of total consumption is T,=2770.84+105.318/+ 
2.1242!2—0,06352#. Origin at July 1, 1902. 

t The equation to the secular trend of the money prices is Ty =4.75281 +-0.062466t -++0,00081927 
—0.0006522#, Origin at July 1, 1902. 
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TABLE IIA 


Tue TrEND RATIOS OF THE PER CAPITA CONSUMPTION AND REAL PRICES 
OF SUGAR IN THE UNITED STATES, 1890-1914 


+. |Ordinates of ' 
nakeas,, | Consumo: | HE See] consump | Kes! Price (he Seclar| Real Price 
on Katios * atl0! 
January's — | Pounds) | Consump- (in Cents) | Prices} ‘ 
Fa ee X=*/Tx y De Y=/Ty 

T8005. sche sty eee 52.8 61.0 0. 866 6.643 5.581 I. 190 
TSOL, . cactetheugests 66.3 61.0 1.087 5.061 5.622 0.900 
I8Q2 wee Eebe 63.8 61.2 1.042 5.053 5.645 0. 895 
TEQShawete aekorena chs 64.4 61.6 I.045 5.484 5.653 0.970 
TSO Aes raceee 66.7 62.2 1.072 5.209 5.645 0.923 
TOS iersisears sree 63.4 62.8 I.OI0 enya 5.624 0.919 
186%, cReeceae 62.5 63.6 0.983 5.QOr 5.590 1.056 
L807 aren ee ac 64.8 64.5 1.005 5.863 5.545 1.057 
TSQSA) shag Mere 61.5 65.6 0.938 6. 183 5.489 1.126 
ESOO Meee aia 62.6 66.7 0.939 5.720 5.424 I.055 
EQOO orsioqs)= aisle avis 65.2 67.8 0.962 Byer! 5-350 1.070 
TOOTS ote 68.7 69.0 0.996 5.5748 | 5.270 1.058 
LOO ars rate a sia aai ae 72.8 4Ou3 1.036 4.626 5.183 0. 893 
TQOS wroteon ncrsisseo 70.9 71.6 0.990 4.703 5.092 0.924 
TOOA seu. wareee Gar 73.0 1.032 4.840 4.996 0.969 
TOOK ails sits lece 70.5 74.3 ©.949 5.331 4.809 1.088 
TOOO go aceer chee 76.1 75.6 1.007 4.422 4.799 0.921 
TOOT cetp ne reds aes 77.0 1.006 4.313 4.700 0.918 
TOQOSA tne carats 81.2 78.3 1.037 4. 803 4. 601 1.044 
TQOOs aiinverete.s as 81.8 79.5 I.029 4. 285 4.504 0.951 
TOTO) reew agers oe 81.6 80.7 I.OIL 4. 294 4.410 0.074 
TOTS eke sees 79.2 81.8 0.968 5.009 4.320 1.159 
TOT2 yee ass wee 81.3 82.9 0.981 4.441 4.235 1.049 
TOlS cae aes 85.4 83.8 I.019 3-730 4.157 0. 897 
TOVAsaneerecee ee 84.3 84.6 0.996 4. 166 4.086 I.020 


* The equation to the secular trend of the per capita consumption of sugar is T,,=70.324-+1.2952¢ 
-++0.01720#—0.0021464. Origin at July 1, 1902. 

¢ Real price=money price divided by Bureau of Labor Statistics index number of wholesale 
prices “all commodities,” average 1900-1909 = 1.00. 

t The equation to the secular trend of the real price of sugar is Ty =5.18299 —0.089145¢— 
0.00242741?-+0.00018626#. Origin at July 1, 1902. 

§ Throughout the computation the figure 5.436 was erroneously used in place of this one. The 
effect on the result is negligible. 


APPENDIX III 


TABLES RELATING TO SUPPLY 
TABLE I 


Sucar: Propuction, TRADE, AND CONSUMPTION OF CONTINENTAL 
UNITED STATES, 1902-14 


(Source: Adapted from Agricultural Yearbook, 1924, p. 802) 


Brovucet |Net Imports CoNSUMPTION 
Una Pro- FROM FROM Domestic 
Beanie DUCTION* INSULAR ForEIcN Exvorts§ 
(1,000 PossEssionst | Countries{t (1,000 Totaltt Per Capit 
Jory Short Tons) ‘ (1,000 (z,000 Short Tons) (1,000 (Pe faa) 
Short Tons) | Short Tons) Short Tons) ou 
1902 591.30 509.87 | 2,096. 78 7-10 | 3,190.85 79-6 
1903 518.67 528.64 | 1,809.98 9.82 | 2,847.48 69.6 
1904, 657.10 591.01 | 1,800. 42 10.74 | 3,037.79 72.8 
1905 703.52 613.26 | 1,952.29 T3208 | su255n0n 76.6 
1906 755-77 627.16 | 2,179.15 14.84 | 3,547.24 81.9 
1907 857.86 792.59 | 1,663.74 17.00 | 3,297.20 74-7 
1908 840. 28 797.48 | 2,051.56 44. 61 3,044.71 81.1 
1909 882. 63 927.75 | 1,934.75 72.38 | 3,672.75 80. 3 
EO TO cicrerce 903. 48 943.70 | 1,845.27 36.60 | 3,655.85 78.06 
IQII......| 1,005.34 | 1,187.66 | 1,832.42 50.38 | 3,475.04 84.2 
POD 2iee eae 907.07 | 1,026.97 | 2,266.42 30.96 | 4,169.50 87.0 
1913.....- 1,088.94 | 936.38 | 2,463.25 37-19 | 4,451.38] 91.6 
I9QI4......| 1,022.83 | 1,098.31 | 2,529.96 | 302.64 | 4,348.46 88. 2 


* Predominately raw except beet-sugar production and domestic exports which are chiefly re- 
fined; r909-to-date production and domestic exports converted to raw. 


pyre Hawaii, Porto Rico, and Philippine Islands (Virgin Islands included, 1917 and subse- 
quently). 


t Cuba included. Philippine Islands excluded 1900 and subsequently. 
§ Shipments to Hawaii and Porto Rico included. 
{t Consumption for all purposes. No account taken of stocks at beginning or end of year. 
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TABLE IA 
Link RELATIVES OF THE PRODUCTION, TRADE, AND CONSUMPTION 
OF SUGAR IN THE UNITED STATES, 1903-14 
Link RELATIVES OF— 
YEAR Domestic 
Net Imports 

satis Domestic saris Fetal de ead FROM TotTaL Perr Capita 

PRODUCTION | pocensstons |rRom INSULAR ForeIcN |CoNsuMPTION|CONSUMPTION 

2G X, PossEssIons es 6 7 
5 
3 

1902* EOF 7) New cents vee LOO flsiais, attr acseysveilingahe obessis seutt ete eee 
1903. 0.877 1.036 0.951 0. 863 0. 892 0. 874 
TOQOAs aces I. 267 I.118 I. 1QI 0.995 1.067 1.046 
Ig05. 1.071 1.038 I.055 1.084 I.072 I,052 
1906. 1.074 1.022 I.050 I.116 I.089 1.069 
IOO7), Ree I.135 I. 264 I.193 0. 763 0.930 0.gI2 
I908. . 0. 980 1.006 0.992 1.233 I. 106 1.086 
TQOO2).)-:515 I.050 I. 164 T.105 0.943 1.008 0.990 
TQIOM ess): 1.024 1.017 I.020 0.954 0.995 0.979 
TOueRe a E.213 I. 259 I. 187 0.993 1.087 I.O7I 
TOL Derren 0.902 0. 865 0. 882 1.237 1.049 1.033 
TODS ees ols I. 201 0.912 1.047 1.087 1.067 1.053 
1914* . 0.939 273 I.047 I.027 0.977 0.963 


* The figures for this year were not used in the correlation of synchronous series, 


TABLE II 


SuGAR, GRANULATED: AVERAGE WHOLESALE PRICE PER POUND, 
New Yor«K, 1902-14 


(Source: Agricultural Yearbook, 1924, p. 811) 


Compiled from Bureau of Labor Statistics reports. 


PRIcE, IN CENTS 


Jan. | Feb. |Mar. | April} May |June | July | Aug. |Sept.} Oct. | Nov. | Dec. a 


Sve Weene nagoe 4.5 
ROO ae cree 4.6) 
EQOA sniele seetolets 4.3 
KOOS se eaiaeiel 5.8 
EQOO sat acreieie oie 4.4 
TOOT term arciers a8 4.6) 
TOOS ec ceiet nielous 4.7 
TOOO Meters vist 4.5 
TOTO eels eset 4.9 
HOU ae eo alerts 4-7 
TOUZ. ya ier ave 5.4 
IQES sen cesta 4.5 
AQUA eccds pein es 3.9 


a ee Sie Bee 


5] 4-5] 4-5] 4.5] 4- 
6} 4.6) 4.7] 4.7] 4. 
3] 4-4) 4.4) 4-7] 4. 
9] 5.9) 5-9) 5-7] 5- 
3] 4-4] 4-4) 4.4] 4. 
5] 4.6] 4.6] 4.8) 4. 
6) 50) 5.3] 523i) 5. 
4) 4.6] 4.8] 4.8] 4. 
9} 5.2] §.2]' §. 2) 5- 
6] 4.7] 4.7| 4.8] 4. 
5] 5-5] 5-1} 4.9) 5- 
2) 4.2| 4.1] 4.1] 4. 
9} 3-8] 3.7] 4.0] 4. 


HH OO ONNOHN Oh 


4.4] 4.4] 4.4 
4.8) 4.8] 4.8 
4.9] 5-0) 5.0 
5.1] 5.1] 4.8 
4.6) 4.7] 4.7 
4.8) 4.7] 4.6 
5-2] 5.0] 5.0 
4.7] 4.8) 4.9 
5. 2h Srl) 50 
Cire teeth ee) 
4.9] 4.9] 5.0 
4.5] 4.6] 4.5 
4.2] 6.5) 6.8 


SG hae AL ps So Ot Gg a Mae 
ON WHAWOO CODAMN OAH 
ptt AA Rp a alt eal te eg Ne el 
ON CHAO AAD vnfp 
Saas ao he ae aie ae et 
COn WOAWOMNAAUUMA D 
PPUUAREHENDRS 
I® OW O DWDONUNW OAM 
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TABLE IIA 


SuGAR, GRANULATED: AVERAGE WHOLESALE PRICE PER POUND. 
New York, 1902-14 


(Absolute and Relative Prices) 


AVERAGE FOR— Link RELATIVES FOR— 

YEAR Year Eight Months! Six Months Year Eight Months} Six Months 

Be; ene Beginning oars Pes Beaanine ase 
(Cents) (Cents) (Cents) Y. vy. v a 

Vy Vo V3 I 2 3 

TQO8 |. s010 4.54 4.58 AAG oj \szepsieretaate hal ste 9 sisahe art | Oraisieueislave ace 
I1903.. 4.57 4.45 4.65 1.006 0.972 1.038 
EQOA ie (eters \« 5.42 5-59 4.48 1.188 I. 256 0.963 
TOOK. eer 4.56 4.41 5.78 0. 840 o. 789 I. 290 
DOCG s icasny 4.65 4.61 4.38 1.020 1.045 0.758 
I907.. 4.83 4.84 4.67 1.039 I.050 1.066 
EQOGi- overs 4.74 4.62 5.02 0.981 0.955 I.075 
TOQOOK.,. jos. 4.96 5.01 4.63 1.046 1.084 0.922 
FOLO's ots ois 4.81 4.70 5.05 0.970 0.938 I. 0g 
OED. « 5.59 5.59 4.73 1.163 1.189 0.937 
MOT: « cersinie 4.53 4.44 eee o. 811 0.704 I. 106 
TOUS. aca 4.13 3.98 4.20 0.912 0. 896 0. 803 
1914*. 5-57 5-42 3.92 I. 347 1. 362 0.933 


* The figures for this year were not used in the correlation of synchronous series. 
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TABLE III 


DATA FOR CoMPUTING THE WorRLD DEMAND AND Supply CURVES FOR 
SucAR, THE ANNUAL WoRLD-PRoDUCTION OF SUGAR, AND THE AVER- 
AGE ANNUAL New YorK WHOLESALE PRICES OF GRANULATED SUGAR, 
1902-3 TO 1913-14 


ti 
New York 
II VI 
World |. yooeee IV Vv. Relative | Ronnve 
I Production* |g." ated | Relative | Relative | Production | Price of 
Year (Thousands | 772? . Production Price of Current | Preceding 
of Short Tons) (Cents Xw I Year Year 
x xAw 
per Pound) I 
y 
1Q02=3 Sect 13,247 ARICA Nee ato, ace: ss icip ona she Cater ebe flewtemtelate ctotel| oe keene 
1903-4 13,659 4.57 I.031 £.006,) ||x.G.<07 «lnc cee 
1904-5 13,084 5.42 0.958 1. 188 0.958 1.006 
EOOS—O.n vee race 15,621 4.56 ¥. 194 0. 840 I. 194 1.188 
TOO0— Fae a 16,210 4.65 1.038 I.020 1.038 0. 840 
TOOTS eet 15,501 4.83 0. 962 1.039 0.962 I.020 
TOQOS=0y © ech - aie 16,311 4.74 r.046 0. 981 I.046 1.039 
I9QO9-I10 ; 16,708 4.96 1.024 1.046 I.024 0.981 
IQIO-II 19,021 4.81 T.138 0.970 1.138 I.046 
FOUN oO hav apeyeacte 17,793 5.59 0.935 I. 163 0.935 0.970 
FOUZ—12\ 5 oe 20,304 4.53 I.146 o. 811 I.146 1.163 
TOES—TA\. | sae) 205,007, 4.13 I.025 0.912 1.025 o. 811 
Miean. Ts el ete ars ects | tate area 1.0452 | 0.9978 | 1.0466 | 1.0064 


* Loose-leaf service, Truman G. Palmer, Concerning Sugar, p.C! —D. A note explains that the 
production figures are converted from Willett and Gray, long tons. The definition of “year” is not 
given in the table. A comparison of these figures with the corresponding estimates for production given 
in the Yearbook of the Department of Agriculture, 1924, p. 808, suggests that the term relates to the 
“crop year” for the countries in which the sugar season begins in the autumn months and is completed 
in the following year, except in the case of cane-sugar-producing countries where the season begins in 
May or June and is completed in the same calendar year. 


¢ For the purpose of comparing production with prices the world “crop year” is assumed to begin 
in July. The harvesting-period of sugar-producing countries is given by Palmer, op. cit., p. C (second 


sheet). 


¢ Average for year beginning July. Vearbook, 1924, p. 811. 


INDEX 


INDEX 


Accounting cost curve, see Cost curve, 
ogive 

Acreage: of beets harvested, 140, 150; 
planted to cane, 140, 150 

Adcock, R. J., 66 

Amoroso, Luigi, 120 n. 

Arc elasticity, 9-12 

Auspitz, R., and Lieben, R.: Gesammt- 
angebotskurve (total supply curve), 
IIs, 116; Gesammtkostenkurve (total 
cost curve), 105, 107 


Beet sugar: acreage, 140, 150; method of 
payment for, 138 

“Best fit,” line of, see Line of “best fit” 

“Best fit” plane, 180-84 

“Bulk-line” practice, 207-9 


Campbell, Norman, 70 

Cane sugar: factors affecting produc- 
tion, 140; harvesting practice ad- 
justed to price, 150; relation of 
Javan production to United States 
price, 163 

Carry-over, 142 

Carver, T. N., 194 n. 

Cassel, Gustav, 25 n., ror 

Clerk-Maxwell, 124 

Closed economy: elasticities of supply 
and demand in, 168; explanation of, 
tor; for sugar, 163, 203-4 

Coefficient of elasticity: of demand, see 
Elasticity of demand; of supply, see 
Elasticity of supply 

Constant outlay demand curve, 9 

Consumption of sugar: statistics of, 
202, 213-18; United States per capita, 
charts, 77, 79, and price, charts, 72, 
73, 81, 82, 83; United States total, 
charts, 49, 50, 139, and price, charts, 
36, 37) 55s 575 59, table, 53; world, 
105 

Correlation: coefficient of simple, 169; 
for demand and supply, 202; mul- 
tiple, and demand for sugar, 30-31, 
limitations of, 178-86, and supply of 
sugar, 171-78; partial, and supply 


of sugar, 
items, 102 

Cost curve, 104-14; accounting, con- 
fused with theoretical, 207, see also 
Cost curve, ogive; concave down- 
ward, 118; definition of, 104; fre- 
quency, its relation to ogive cost 
curve, chart, 110; kinds of, 118-19; 
marginal, 108-9; ogive, 108-10; only 
condition of, 104; relation to supply 
curve, chart, 112, 210; theoretical, 
chart, 106; total, of Auspitz and Lie- 
ben, 105, 107, importance of its shape, 
120, its relation to other cost curves, 
108-9, its relation to total supply 
curve, I15 

Cost data, limitations of, 107-8, 113 

Cost, laws of, 118-24; Cournot’s state- 
ment of, 121; Edgeworth’s statement 
of, 121-24; relative, 124-25 

Cost of production: curve, confused 
with the accounting cost curve, 207; 
formula, 206; and price, 114; rela- 
tive, 124; and supply, to4-—25; and 
tariff, chap. vi; theoretical aspects 
of, 207-10 

Cournot, Augustin, vii, 7 n.; on elasti- 
city of demand, 6; on law of demand, 
14; on laws of cost, 121; on nega- 
tively sloping cost curve, 120 n. 

Cover, John, 151 n. 

Critical supply-price period, 132-33, 
138, 140-41 

Crop year for sugar data, 220 n. 

Cuba, sugar imports from, 162-63, see 
also Cane sugar 


Curve, see Cost, Demand, Particular 
expenses, Supply, etc. 


Curve-fitting, 35-39; limitations of, 
178-86; method related to purpose of, 
178; method and results of, 180-84; 
mutually destructive requirements 
of, 47-48; problem of, 35-39; refer- 
ences on, 66-67; straight line, 36-39 


169-71; of synchronous 


Dalton, Hugh, on point and arc elas- 
ticity, 9 
Data, see Cost data, Statistics 
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Davenport, H. J., 17 

Demand: coefficient of elasticity of, 
see Elasticity of demand; compared 
with supply, 187; conclusions relating 
to (for sugar), 92-95; early theories 
of, vii; elastic, 5; elasticity of, see Elas- 
ticity "of demand; foreign, relation to 
tariff and prices, 199; functions, 
varieties of, 14, 25, 28, 30, 31; how 
to keep “other things” constant, 
25-26; inelastic, 5; partial elasticity 
of, see Elasticity of demand; price, 
normal, as function of time, 993 ; rela- 
tion to price and consumption, 131; 
schedule, means of measuring yearly 
shift of, 42, 62, 75, 87; and supply, 
moving equilibrium of, 165-67, 188, 
chart, 166; and the tariff, chap. vi; 
world, 162-63 

Demand curve: comparison of types of 
(for sugar), charts, 37, 57, 73, 82-84; 
of constant elasticity, 7; constant 
outlay, 9, 12; different concepts of, 
i550; 24-31: elasticity of, for posi- 
tive slope, 5-6; fitting, 35-39; general, 
limitations of, 21-23; general, rela- 
tion to particular demand and sup- 
ply curves, chart, 20; how to keep 
“other things” constant, 25-26; 
kinds, 23; measure of shift of, 42, 62, 
75, 87; of negative slope, 5-6; of 
positive slope, 5-6; seasonal varia- 
tions in, 15-16; selection of, 54-60; 
slope (elasticity) affected by method 
of fitting, 46, 84; standard error of, 
42-45; of unit elasticity, 5-6 
Demand, law of: from absolute quanti- 
ties, adjusted data (sugar), 74-76, 
85-87; from absolute quantities, 
unadjusted data (sugar), 40-42, 61- 
62; from adjusted data (sugar), chap. 
iii; “best,” charts, 37, 59, 73, 83; 
dynamic, approximation to equation 
of, 30, 31; how to keep ‘‘other things” 
constant, 25-26; from link relatives, 
adjusted data (sugar), 71-76; from 
link relatives, unadjusted data (sug- 
ar), 39-40; mathematical law of, 24- 
27, contrasted with neo-classical, 25, 
symbolic form of, 25; Moore’s typical 
equation to, 56; neo-classical, 14-23, 
limitations of, 23-24, special case of 
mathematical law, 26; statistical law 
of, 27-34, includes neo-classical and 
Walrasian laws, 28, symbolic form of, 
28; from trend ratios, adjusted data 
(sugar), 84-85; from trend ratios, un- 
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adjusted data (sugar), 60-61; from un- 
adjusted data (sugar), chap. ii; world 
(sugar), 165 


Economic theory: scientific type of, vii; 
simultaneous equations in, vii 


Economy, closed or self-contained, see 
Closed economy 


Edgeworth, F. Y.: on curve-fitting, 
14, 70; his definitions of laws of cost, 
121-24; on effect of tax on conditions 
of supply, 3; on limitations of static 
law of demand, 23; on marginal unit 
cost, 116-17; on possibility of con- 
structing demand curve by statistics, 
24 

Elastic supply, definition of, 100 

Elasticities of demand and supply, 
equality of, 103 

Elasticity: arc, 8, 9; logarithms vs. 
percentage change in measurement of, 
I2, 130.3 point, 8, illustrated nu- 
merically, 9 

Elasticity of demand (coefficient of): 
concept of, 4-14, due to Cournot, 6; 
constant, 7; defined, 4; determined 
graphically, 7; geometrical difference 
between point and arc, chart, 10; 
geometrical interpretation of, 5; 
geometrical measure of, chart, 8; 
Marshall, on, 4, 6; mathematical 
symbols for, 4; point, 7; for positively 
sloping demand curve, 5; presup- 
poses demand curve, 7, 212; relation 
to elasticity of supply, 101-3; sea- 
sonal changes in, 15, 16; synonymous 
with the set of operations by which 
it is determined, 46, 54, 187; of 
value unity, 6; varies from point to 
point of demand curve, 45; for 
wheat, 211-12 


Elasticity of demand for sugar: com- 
parison of results from trend ratios 
and link relatives, 65-66; from differ- 
ent curves, charts, 64, 89; foreign, 
200, and United States, table, 203; 
from link relatives, of adjusted data, 
76, of unadjusted data, 45-46; nor- 
mal United States, 200; partial, 
value depends on method of curve- 
fitting, 182-84, world, 179-80; from 
trend ratios of adjusted data, 87-90; 
from unadjusted data, 62-65; values 
of, from different demand curves, 
63; world, 167-68, table, 201 


INDEX 


Elasticity of production, 199 


Elasticity of supply (coefficient of): 
compared with elasticity of demand, 
IOI-3, 153 n.; concept of, 100-101; 
definitions of, 126-27, 153 n.; pre- 
supposes knowledge of supply curve, 
100; relates to point on supply curve, 
r00; synonymous with the set of oper- 
ations by which it is determined, 187; 
tends to be numerically equal to 
elasticity of demand under certain 
conditions, 133-37 


Elasticity of supply for sugar: domes- 
tic, 152-54, 200, table, 201; domes- 
tic plus insular, 161-62, table, 201; 
foreign, 200, and United States, 
table, 203; insular, 157-58; partial, 
-different equations for, 179-80, value 
depends on method of curve-fitting, 
182-84; and relative cost of produc- 
tion, 125-27; varies with price series 
used, 187; world, 167-68, table, 201 

Equations: of ‘‘best-fitting” regres- 
sions, 39, 60, 72, 84, 151, 156, 160, 
165, 176, 177; 178, 179, 182; connect- 
ing domestic production and price, 
151-54; connecting domestic pro- 
duction plus imports from insular 
possessions and three price series, 
160-61; connecting insular imports 
and three price series, 155-57; con- 
necting world-production and price, 
165; difference in regression, 178-79; 
simultaneous, in economic theory, vii; 
typical, of demand, 56, 58, of supply, 
127-29 

Equilibrium, see Moving equilibrium, 
Static equilibrium 

Errors, elimination of accidental, 94 


Estimate, standard error of, see Stand- 
ard error of estimate 


Fetter, F. A., on market areas, 15 


Fisher, Irving, on negative cost curves, 
I20 


Fisher, R. A., on constants computed 
from small samples, 151 n. 


Flexible tariff, economic theory of, 205- 
Io 

Frequency curve of costs, relation to 
other cost curves, 108-9 


Function, see Demand function, Supply 
function 
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Geometrical interpretation, of elasticity 
of demand, see Elasticity of demand 

Gesammtangebotskurve (total supply 
curve), of Auspitz and Lieben, 115, 
I16 

Gesammtkostenkurve (total cost curve), 
of Auspitz and Lieben, 105, 107 

Gini, Corrado, 39 n., 67 

Glauert, H., 39 n., 67 

Goodness of fit, influenced by units of 
measurement, 181 

Gross correlation, see Correlation 


Harvesting period of sugar, 220 


Hyperplane, see Plane, Curve, Line, 
Surface 


Imports of sugar: Cuban, correlation 
with United States prices, 162-63; 
from insular possessions, correlated 
with production and prices, 168-86, 
related to price changes, 154, 157 

India, 204 

Tnelastic supply, definition of, too 


Java, see Cane sugar 
Jevons, W. S., 24 
Johnson, Lester D., 151 n., 159 


Kelley, Truman, 172 n. 
Keynes, J. M., 7 

Knight, Frank H., 113-14 
Kummell, C. H., 39 n., 67 


“Lag” method: application to con- 
crete problems, 136; applied to pro- 
duction and price, 131; correlations 
for, 102, 134, chart, 134; due to 
Moore, 136; limitations of, 137, 150 

Law of demand, see Demand, law of 


Lehfeldt, R. A., on elasticity of demand 
for wheat, 7 n., 93 n., 211 

Lieben, R., Auspitz and, see Auspitz 
and Lieben 

Line of “best fit”: as demand curve, 39, 
60, 72, 84; fitted to residuals, 186; 
measures net relation between two 
variables indirectly, 168; for price and 
domestic production, 151-52; for 
price and imports from insular pos- 
sessions, 155-57; for price and supply 
derived from domestic production 
plus imports from insular possessions, 
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160; used like line of regression in 
practical forecasting, 40 n.; for world 
demand and supply, 165 


Line of mutual regression, see Line of 
“best fit” 

Linear regression surface, equation of, 
e770 

Link relatives, method of: applied to 
adjusted data for demand, 71-76; 
applied to unadjusted data for de- 
mand, 35-46; for supply, chap. v; 
compared with method of percentage 
change, 32; compared with method of 
trend ratios, 65-66, 90-92; explana- 
tion of, 32 

Logarithms, in measuring elasticity, 
12, 13 D. 

Louisiana, see Cane sugar 


Market, definition of, 15 

Marginal producer, 207-8 

Marshall, Alfred: on danger of abstract 
reasoning, 99; on elasticity of demand, 
4, 5 0.3; on graphical representation 
of elasticity, 7; on limitations of 
static law of demand, 23; on long- 
period demand and supply, 103, 188; 
on negatively sloping demand curve, 
5; on normal demand and supply as 
functions of time, 99 

Mathematical law of demand, see De- 
mand, law of 


Maxwell, see Clerk-Maxwell 
Merriman, Mansfield, 39 n., 67 


Method: relation of data to, 138-46; 
results inseparable from, x, 187 

Mill, James, 95 

Mills, F. C., 174 n. 

Mitchell, W. C., 95 

Moore, H. L.: on choice of coefficients 
of elasticity, 63; his contributions to 
demand theory, 24; on Cournot’s 
law of cost, 121; on difference between 
neo-classical and mathematical state- 
ment of demand, 25 n.; his “lag” 
method of deriving supply curve, 
136; on law of cost and law of rela- 
tive cost, 125; his ‘‘moving equilibri- 
um” of demand and supply, viii, 167, 
188; on partial elasticity of demand, 
179 0.; on positively sloping demand 
curve, 5 n.; on relative cost of pro- 
duction, 124; on relative efficiency of 
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organization, 125; his typical demand 
equation, 56; his typical supply equa- 
tion, 128 

Moving equilibrium, viii, 165-67, chart, 
166, 188-89 

Multiple correlation, see Correlation 

Multiple correlation coefficient, 
Correlation 

Mutual regression, line of, see Line of 
“Dest fit” 


see 


Neo-classical law of demand, see De- 
mand, law of 

Net correlations, 170, see Correlations 

Normal demand price, as function of 
time, 99 

Normal supply price, as function of 
time, 99 

Nourse, E. G., 194 n. 


Ogive cost curve, see Cost curve, ogive 


per ahem, A., see Roos and Oppen- 
eim 


Osorio, Antonio, 5 n. 


Page, T. W., 206 

Palmer, Truman G., 220 n. 

Pareto, Vilfredo, viii, 5 n., 24, 25 
Partial correlation, see Correlation 
Partial elasticity, see Elasticity 

Partial regression, see Regression 
Particular expenses curve, 105, 108, 109 
“Path” coefficients, 172 

Pearson, Karl, 27 n., 39 n., 67, 175 n. 
Percentage change, method of, 11, 32 


Periodic function of time, relation to 
supply and demand, 133-35 

Pietra, Gaetano, 39 n., 67 

Pigou, A. C.: on “curve of marginal 
supply prices,” 116; on effect of a 
tariff on price, 194 n., 197 n., 198 n.; 
on elasticity of production and elas- 
ticity of supply, 199 

Poincaré, Henri, 94 n. 

Point elasticity, see Elasticity 

Price (of sugar): different kinds of series, 
141, 144; money, 52-53, charts, 51, 
52, 143, 145, and consumption, 
charts, 36, 37) 559 573 595 and pro- 
duction, 114, 117, 140, 144, 147- 
51, 162-65, 168-86, charts, 148, 160, 
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and imports, 144, 159, 163, 168-86, 
charts, 156, 160; real, charts, 77, 80, 
and consumption, charts, 42.73, Si; 
82, 83; statistics of, 213-20; and tariff, 
35 188, chap. vi. 

Price Fixing Committee, 207 

Production (of sugar): chart, 139, 164— 
65; factors affecting, 132, 138-40, 150- 
51; and price, see Price; statistics 
of, table, 202, 213-20 


Reed, L. F., 39 n., 67 

Regression: differences in, 177-70; 
equations of, 179; line of mutual, see 
Line of “best fit”; multiple, equations 
of, 176; partial, 172-73 

Relstion, net, between two variables, 
I 

Relative cost of production and elas- 
ticity of supply, 125-27 

Relative efficiency of organization, 125 

Relative prices, definition of, ror 

Relative quantities, definition of, tor 

Residuals, used in partial correlation, 
185 

Rhodes, E. C., 39 n., 47-48, 50, 68 

Rietz, H. L., 173 n., 175 n. 

roe C. F., and Oppenheim, A., 39 n., 

“Routine of change,” 94, 189 


Seasons: kinds of, 140-41; and prices, 
144 

Self-contained economy, see 
economy 

Seligman, E. R. A., 194 n. 

Simultaneous equations, see Equations 

Smoothing, Rhodes’ method of, 50 

Standard error: of demand curve, 42-45; 
of estimate, 173; of regression equa- 
tions, 176-77; relation to coefficient 
of multiple correlation, 174-75 

Static equilibrium, viii 

Static law of demand: special case of, 
14-27; Statistical law of, 28; see 
Demand, law of 


Statistical law of demand, see Demand, 
law of 

Statistical law of supply, see Supply, 
law of 

Statistical methods, modern, in relation 
to economic theory, ix 


Closed 
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Statistical procedure: for demand, 130; 
for supply, 131 

Statistical significance of fitting small 
number of observations by elaborate 
methods, 180 


Statistics, see 
Production 
Straight line fitting, different methods 
of, 36-39 

Sugar, see Cane sugar, Beet sugar, Con- 
sumption, Demand, Elasticity, Im- 
ports, Price, Production, Supply, 
Tarift, Trade 


Supply: coefficient of elasticity of, see 
Elasticity; compared with demand 
(for sugar), 187; conclusions relating 
to (sugar), 186-92; and cost of pro- 
duction, 104-25; and demand, moving 
equilibrium of (sugar), 165-67, 188- 
89; early theories of, vii; elasticity of, 
see Elasticity; price, normal, as func. 
tion of time, 99; and tariff, chap. vi; 
theoretical considerations relating 
to, chap. iv 

Supply curve, 114-18; aggregated, 195; 
collective, of Auspitz and Lieben, 
115; and cost curve, chart, 112; 
definition of, 104; and marginal cost 
curve, 108-9; negatively sloping 
variety, 147; and tariff making, 210; 
theoretical, chart, 106; total, x11 5, 
116; types of, 209 

Supply, law of (for sugar): chap. v; 
derived from domestic production, 
147-54, from domestic production 
plus imports from insular possessions, 
158-62, from imports from insular 
possessions, 154-58; dynamic, 132; 
experiments to determine, 144; long- 
period, 188; main object of, 130; 
relation to tariff, chap. vi; typical 
equations to, 127-29; world, 162-68 

Surface, linear regression, equation of, 
171 

Synchronous series in correlation be- 
tween price and production, 149 


Consumption, Price, 


Tariff: and cost of production, 193-210; 
difficulties of cost of production 
formula, 206; effect on conditions of 
supply, chart, 196; effect on price, 
193-200; effect on price of sugar, 
200-205; flexible, see Flexible tariff; 
mathematical expression for its effect 
on price, 197-98; methods of estimat- 
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ing effect of, 205; popular solutions of 
its effect on price, 193-94; prefer- 
ential, on Cuban sugar imports, 162; 
solutions provided by economic theo- 
Ty, 194-200 

Taussig, F. W., 206, 207 

Tax, see Tariff 

Theory, economic, see Economic theory 

Theory of supply, relation to method, 
130-38 

Thiinen, von, 15 n. 

Time, as a dimension in the graphical 
representation of moving equilibrium, 
189; periodic function of, relation to 
supply and demand, 133-35 

Total cost curve, see Cost curve, total 


Total supply curve, see Supply curve, 
total 

Townsend, C. O., 151 n. 

Trade, sugar, statistics of, 218 

Trend: computed, of total consumption, 
charts, 49, 50, of wholesale prices, 50- 
52, chart, 51; fundamental require- 
ment of, 47; of per capita consump- 
tion of sugar, chart, 77; possible ob- 
jections to elimination of, 78-79; of 
real prices of sugar, charts, 77, 80; se- 
lection of, 47-54, 79-81; see also Con- 
sumption and Prices 

Trend ratios, method of: applied to 
adjusted data, 76-92; applied to 
unadjusted data, 46-66; compared 
with method of link relatives, 65-66, 
go-92; explanation of, 32-34; see 
also Consumption, Demand (law of), 
Imports, Supply (law of) 

Turner, H. H., 70 

Typical equations: of demand, 56, 58; 
of supply, 127-29 
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Uhler, H. S., 39 n., 67 

Unit cost curve, 105 

Unit cost, marginal: viewed by entre- 
preneur, 117; viewed socially, 177 


Unit of measurement, effect on fit of 
curve, 180 


Variable, elasticity of demand affected 
by choice of, 54, 176-86 

Variance, 175, 176, 178, 188 

Viner, Jacob, 108 


Walras, Leon, vi, viii, 24, 25 n. 

Weather, effects of, 132, 140 

Weight of separate variables in rela- 
tion to curve-fitting, 181 


Wheat, elasticity of demand for, 211- 
12 


Whipple, F. J. W., 39 n., 08 
Wicksell, Knut, 25 n. 

Wicksteed, P. H., 17 

Willett and Gray, 220 n. 
Working, Holbrook, 16 n. 

World demand, see Demand 
World production, see Production 
World supply, see Supply 
Wright, Philip G., 108 n., 199 n. 
Wright, Sewall, 172 


Yntema, T. O., 199 n. 
Young, A. A., on “curve of aggregate | 


expenses,” 116 


Zawadzki, W1., 5 n. 
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